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CALDERON-ZYGMUND OPERATORS ASSOCIATED WITH
SCHRODINGER OPERATOR AND THEIR COMMUTATORS ON
VANISHING GENERALIZED MORREY SPACES
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ABSTRACT. We establish the boundedness of Calderén-Zygmund operators associated with
Schrodinger operator and their commutators on vanishing generalized Morrey spaces.
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1. INTRODUCTION AND RESULTS

The boundedness of the commutators of singular integrals plays an important role in har-
monic analysis. Commutator integrals arise naturally when one tries to construct a calculus of
singular integral operators to handle differential equations with nonsmooth coefficients.

Recently, the boundedness singular integrals and their commutators with BM O functions on
Schrodinger operators settings have been received a great deal of attention. See for example
[5, 6, 39, 41] and the references therein. In [4, 10, 34, 36, 37, 38|, the authors proved the
boundedness of singular integrals related to Schrodinger operators on R™ with certain potentials,
and the boundedness of their commutators with BM O functions is studied.

The classical Morrey spaces were originally introduced by Morrey in [24] to study the local
behavior of solutions to second order elliptic partial differential equations. For the properties
and applications of classical Morrey spaces, we refer the readers to [9, 12, 24, 30]. The classical
version of Morrey spaces is equipped with the norm

_a
[ fllag, \ == sup v ? || fllL,(B@r)):
z€R™,r>0

where 0 < XA < n and 1 < p < oco. Moreover, various Morrey spaces are defined in the process
of study. V. Guliyev, Mizuhara and Nakai [14, 25, 26] introduced generalized Morrey spaces
M, ,(R™) (see, also [1, 13, 15, 18, 20, 33]).

Let us consider the Schrodinger differential operator

L=—-A+V(z)onR" n>3,

where V' (z) is a nonnegative potential belonging to the reverse Hélder class RH, for ¢ > n/2.
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A nonnegative locally L, integrable function V(x) on R" is said to belong to RH,, 1 < ¢ < 00
if there exists C' > 0 such that the reverse Holder inequality
1/q
1 / C
o | Vi | < | i [ v,
|B(z, )| |B(z,r)|
B(z,r) B(=,r)

holds for every z € R” and 0 < r < oo, where B(z,r) denotes the ball centered at x with radius
r. In particular, if V' is a nonnegative polynomial, then V € RH ..
For x € R", the function p(x) is defined by

1 1
x) = =supl r: Viy)dy <1
p() @) S TN_QB( / | (y)dy <

Obviously, 0 < my (z) < oo if V' # 0. In particular, my (z) = 1 with V =1 and my (z) =~ 1+ ||
with V(z) = |z|2.

According to [4], the new BMO space BMOy(p) with 6 > 0 is defined as a set of all locally
integrable functions b such that

IB%;J“) / 1b(y) — baldy < 0(1 + p&))o,

B(z,r)
for all z € R™ and r > 0, where bp = ﬁ [ b(y)dy. A norm for b € BMOgy(p), denoted by [blg,
B

is given by the infimum of the constants in the inequalities above. Clearly, BMO C BMOgy(p).
Let 6 > 0 and 0 < v < 1, in view of [23], the Campanato class, associated with Schrodinger
operator A%(p) consists of the locally integrable functions b such that

1 r \0
WLB(/) 1b(y) — bpldy < C(l + m) ; (1)

for all z € R™ and r > 0. A seminorm of b € A%(p), denoted by [b]g, is given by the infimum of
the constants in the inequality above.

Note that if § = 0, A%(p) is the classical Campanato space; if v = 0, A%(p) is exactly the
space BMOy(p) introduced in [4].

For brevity, in the sequel we use the notations

a,Vip. L r @ -n —1
Q[p,a,o (fa Zz, T) T (1 + p(CC)) r /v 90(377 7“) HfHLp(B(:r,r))v

and

W,a,V /. o r @ -n —1
W (fir) = (L o5 ) ot ) ey

We now present the definition of generalized Morrey spaces (including weak version) associated
with Schrédinger operator, which introduced by V. Guliyev in [17], see also [19].

Definition 1.1. Let ¢(z,7) be a positive measurable function on R"™ x (0,00), 1 < p < o0, a > 0,
andV € RH,, ¢ > 1. We denote by Mgfgpv = Mﬁ,gy(R”) the generalized Morrey space associated
with Schrédinger operator, the space of all functions f € LéOC(R”) with finite quasinorm

— aVie,
||f||M§2X - x€§37}3>09{p,5@ (fvxa’r)'
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Also, WM&ZX = WM;,)f;X(R”) we denote the weak generalized Morrey space associated with
Schrddinger operator, the space of all functions f € WL;OC(R") with
f av = sup AWV(f.2 1)< .
1A Ty age R ( )
Remark 1.1. (i) When a =0, and @(z,r) = rO=m/P MY (R™) is the classical Morrey space
L, »(R™) introduced by Morrey in [24];
ii en o(x,r) = rA=m/P, ’ is the Morrey space associated with Schrédinger
i) Wh O=m)/p ALY (R™ s the M jated with Schrédi
operator L;‘:X(]R”) studied by Tang and Dong in [39];
(iii1) The generalized Morrey space associated with Schrédinger operator Mgfzpv(]R”) was in-
troduced and studied by V. Guliyev in [17].

Definition 1.2. The vanishing generalized Morrey space associated with Schriodinger operator
VMﬁfz,}/(R”) is defined as the spaces of functions f € Mﬁfzpv (R™) such that
im Q a,Vir, _
lim sup Ao (fiz,7) = 0. (2)
The vanishing weak generalized Morrey space associated with Schrédinger operator VW M,y ;;/ (R™)
is defined as the spaces of functions f € WM&Z,Y(]R”) such that
- W,a,V (. _
}gr%):euﬂgl &y (fix,r) =0.

The vanishing spaces V M, zpv (R™) and VW M, ;;/ (R™) are Banach spaces with respect to the
norm

pr— — 7V .
HfHVM;VY = ”fHMI‘,";/ = SB€>OQ[;¢ (f,ac,?“),

zeR

— a,V
Hf”VWM;,’f;X = Hf”WM;,",;y = meﬂ8§33>0mw’p’¢(f;l‘7r)’
respectively.

In the case a = 0, and p(z,7) = rd-—"/p VMZ%ZX(R”) is the vanishing Morrey space V M, \
introduced in [40], where applications to PDE were considered.

We refer to [7, 31, 32] for some properties of vanishing generalized Morrey spaces.

From [34, 41], we know some Schrédinger type operators, such as V(—A + V)~V with
V € B,, V(-A + V)2 with V € B,, (A + V)2V with V € B,, (A + V)" with
v € Rand V € B, ), and V2(—A 4+ V)~! with V is a nonnegative polynomial, are standard
Calderén-Zygmund operators, see [35]. In particular, the kernels K of operators above all satisfy

C 1

t—y\N
(1 T Ip(ﬂg‘)
for any N € N. Hence, in the rest of this paper, we always assume that T denotes the above
operators.

Let T be the classical singular integral operator, the commutator [b, T'| generated by T" and a
suitable function b is given by

b, T](f)(x) = T((b(z) — b)) (x) = b(x)T(f)(x) — T(bf)(=). (3)

A well known result due to Coifman, Rochberg and Weiss [11] states that [b,T] is bounded
on LP(R™) for 1 < p < oo when b € BMO(R"). They also gave a characterization of BMO(R")
in virtue of the LP-boundedness of the above commutator. In 1978, Janson [21] gave some
characterizations of Lipschitz space Ag(R™) via commutator [b, 7] and proved that b € Ag(R")
(0 < B < 1) if and only if [b,T] is bounded from L,(R"™) to Ly(R™) where 1 < p < n/f and

l/p—1/q=pB/n.

K(z,y)| < ;
| K (z,y)] Z— g
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The fractional integral associated with L is defined by

Iéf(CC) = L_B/Qf(l‘) _ /e_tL(f)({E) tﬂ/z_ldt,
0

for 0 < 8 < n. Note that, if L = —A is the Laplacian on R™, then I/g is the Riesz potential Ig,
that is
/

Igf(z) = / z _(yy)|ndy-
in

When b € BMO, Chanillo proved in [8] that [b, I5] is bounded from L,(R™) to L,(R™) with
1/g =1/p—pB/n, 1 < p < n/B. When b belongs to the Campanato space A,, 0 < v < 1,
Paluszynski in [29] showed that [b, I5] is bounded from L,(R") to Ly(R™) with 1/¢ =1/p— (5 +
v)/n,1 <p<n/(B+v). When b € BMOy(p), Bui in [6] obtained the boundedness of [b, Ibﬂ
from L,(R™) to Ly(R™) with 1/g=1/p—8/n, 1 <p <n/p.

It is well known that the boundedness of the standard Calderén-Zygmund operators and
their commutators have been established on the class generalized Morrey spaces (see [15, 25, 26]).
Hence, it will be an interesting question whether we can establish the boundedness of Schrodinger
type operators on the vanishing generalized Morrey spaces related to certain nonnegative po-
tentials (see [10, 17, 19, 22, 27, 28, 39]). The main purpose of this paper is to answer the above
question. More precisely, we obtain the following results.

Theorem 1.1. Let V € By, /5, a >0, 1 < p <00 and ¢1,p2 € Qzlv satisfies the conditions

oo
dt
Cs ::/ sup 901<m7t)7 < 00, (4)
T€R™ t
)
for every 6 > 0, and
Pess inf o1 (z s)s% d
’ t
[ < caten, )
tp

T

where C' does not depend on x and r. Then the operator T is bounded on VM&% to VMZ?fzp‘g for
p>1 and from VM®Y to WVMIO::;. Moreover, for p > 1

17901
HTf”VM;,’i;;; < CHfHVM;‘#Yl?
and forp=1
”TfHWVMIO‘WV2 < CHfHVMﬁZ;/la
where C' does not depend on f.

Theorem 1.2. Let V € B, /5, b€ BMOg(p), « >0, 1 < p < oo and ¢1,p2 € Qzlv satisfies the
conditions

00 . n
¢ essinf o (z, s)sv gy
[ (1 iyt < o) (6)
T tp t
T
where C' does not depend on x and r,
ln%

lim

r—0 infxeRn QDZ (.’L‘, T) - 0 (7)
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and
7 dt
cs = / (1 + ’hlt’) sup QOl(«T,t)* < 00, (8)
s TER? 3

for every 6 > 0. If b € BMOgy(p), then the operator [b,T] is bounded from VM&% to VMI?fzp‘g
for p > 1 and from VMg:Zl to WVMlofzp‘g. Moreover, for p > 1
« < «@
BTVl pger < CBll gy
and

1o TN Nyasgy < Clllollf Iy agg v

where ®(t) = tln(e +t), ||f||VMg,:: = H(I)(|f|)”VMf;,V’ and C does not depend on f.

Theorem 1.3. Let V € RHy,;5, 0 <v <1, b€ A(p), 1 <p<nfv,1/qg=1/p—v/n, and
p1 € ng’lv, po € lev satisfies the conditions (4) and
Tess inf 1 (z s)s% d
’ t
/ feocee 7 < C‘P2(£77ﬂ)7 (9)

n
q

t

r

where C' does not depend on x € R™ and r > 0. Then the operator [b, T| is bounded from VMEfZXI
to VM;fgpz for p > 1 and from VMIO:;/I to VWM% or Moreover, for p > 1
«@ < «
0TIy < CllFllypgzy
and forp=1

1B TIH v arey < Ol llyagey

n—v’

where C' does not depend on f.
Remark 1.2. Note that, Theorems 1.1 and 1.2 in the case of V =0 was proved in [16].

In this paper, we shall use the symbol A < B to indicate that there exists a universal positive
constant C, independent of all important parameters, such that A < CB. A = B means that
A< Band B < A.

2. SOME PRELIMINARIES
We would like to recall the important properties concerning the function p(z).

Lemma 2.1. [34] Let V € RH, /5. For the associated function p there exist C and ko > 1 such
that

- |2 — y[\ ko | —y|\ T
Clpla) (145 S elw) < Cot) (140 ) T (10)

for all x,y € R™.
Lemma 2.2. [2] Suppose x € B(xg,r). Then for k € N we have

! < 1 |
(1 * 3(?))1\[ - (1 + p%ig)>N/(ko+1)

We give some inequalities about the new BMO space BMOy(p).
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Lemma 2.3. [4] Let 1 < s < oo. If b€ BMOy(p), then

(@ B/ )~ val*an) " < a1+ )"

for all B = B(z,r), withx € R™ andr > 0, where 8' = (ko+1)0 and ko is the constant appearing
in (10).

Lemma 2.4. [4] Let 1 < s < oo, b€ BMOy(p), and B = B(x,r). Then
1 1/s 2k ¢’
—_ b(y) — bp|®d < [bok(1+ —
(g [ o) —belan) " < ok (14 25)"
2k B

for all k € N, with 0" as in Lemma 2.3.

The Lipschitz space, associated with Schrodinger operator (see [23]) which consists of the
functions f satisfying

|f(x) — f(y)]
”fHLip‘g’(p) . z€R™, >0 |1 — ‘V(l 4 Lzl Lmim)e -
) Yy p(x) T p(y)

It is easy to see that this space is exactly the Lipschitz space when 6 = 0.
Note that if # = 0 in (1), A%(p) is exactly the classical Campanato space; if v = 0, A%(p) is
exactly the space BMOg(p); if 6 = 0 and v = 0, it is exactly the John-Nirenberg space BMO.
The following relation between Lip?(p) and A%(p) were proved in [23, Theorem 5].

Lemma 2.5. [23] Let § > 0 and 0 < v < 1. Then following embedding is valid
AJ(p) € Lip)(p) € ATV (p),
where kg is the constant appearing in Lemma 2.1.

We give some inequalities about the Campanato space, associated with Schrodinger operator
AL (p)-

Lemma 2.6. 23] Let 0 > 0 and 1 < s < co. If b € A%(p), then there exists a positive constant
C such that

(@ Z )~ valoan) " < ot (14 -5)

for all B = B(z,r), withx € R™ andr > 0, where 8' = (ko+1)0 and ko is the constant appearing
in (10).

Let Kg be the kernel of Ié. The following result give the estimate on the kernel Kg(z,y).

Lemma 2.7. [6] If V € RH,, s, then for every N, there exists a constant C' such that
C 1
oy \ N & =y

(1+53)

It is natural, first of all, to find conditions ensuring that the spaces M) and VM) are
nontrivial, that is consist not only of functions equivalent to 0 on R".

| Kp(x,y)| < (11)

Lemma 2.8. [2] Let p(z,7) be a positive measurable function on R™ x (0,00), 1 < p < o0,
a>0,andV € RHy, g > 1.
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(i) If
sup (1—|—L)a "f % for some t >0 and for all x € R™,
t<r<oo ,0($) 90(337 T)
then MﬁzX(R”) =0.
(i) If

(6
sup <1 + L) o(x,r)" ' =00  for some T >0 and for all x € R",
0<r<T p()

then Mg (R™) = ©.

Remark 2.1. We denote by Qg’v the sets of all positive measurable functions ¢ on R™ x (0, 00)
such that for all t > 0,

n

(1 55) el ;
— ) —/— < 00, ana sup
p(x)/ oz, 1) oo (t.00) weRn

sup
reR”™

(1 + p(;))a Qp(x’r)AHLoo(o,t) <o

For the non-triviality of the space M, va (R™) we always assume that ¢ € Qz"v.

Remark 2.2. [3] We denote by Qg‘lv the sets of all positive measurable functions ¢ on R™ x
(0,00) such that

migann 71ﬂI>1f(; (1 + ﬁ) _ago(a;, r) >0, for some d >0, (12)

and

« ”/P
T T
i 14+ — =
tim (14 255) S =

For the non-triviality of the space V M, ZX (R™) we always assume that ¢ € lev .

Theorem 2.1. [18] Let V € B, )5, « >0, 1 < p < 00 and p1,p2 € Qg"v satisfies the condition

5). Then the operator T is bounded on MY to MY or p > 1 and from MY to WM™V .
p,p1 p,p2 L1 1,02

Theorem 2.2. [18] Let V € B3, a >0, 1 <p < oo and p1,p2 € Qg’v satisfies the condition
(6). If b € BMOgy(p), then the operator [b,T] is bounded from MEZX to Mﬁf;;g and from MY

v D,01
a?
to W M17<p2'

Theorem 2.3. 3] Let V € Byj5, « 20,1 <p < n/v,1/qg=1/p—v/n and p; € Y,
Y2 € Qg"v satisfies the condition (6). If b € A%p), then the operator [b,T) is bounded from
Mﬁf"g to ng;[,‘g and from Mﬁg to WM*Y

n—v P2 ’

3. PROOF OoF THEOREM 1.1

We first prove the following conclusions

Lemma 3.1. Let 0 < v < 1,0 < v < 1 and b € AY(p), then the following pointwise estimate
holds:

|6, T)(f)(@)] S b)) L(1f]) ().
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Proof. Note that
[0, T](f)(x) = b(x)T(f)(x) = T(bf)(x) = /[b(x) —b(y)] K(z,y) f(y)dy.

R
If b € AY%(p), then from Lemma 2.7, we have

. 7)) /w ) — b(w)| [K (2,9)] | (4)|dy

N [b]ﬁ/!m—y!”!K(m,y)Hf(y)\dy= 815, 2 (1£1) ().
Rn

O
From Lemma 3.1, we get the following.

Corollary 3.1. Suppose V € RH,,/; and b € Al(p) with0 <v < 1. Let 1 <p < q < oo satisfy
1/g=1/p—v/n. Then for all f in L,(R™) we have

16, TV () zy@n) S NIz, @n),
when p > 1, and also

1o, TI()wr_n _n(R7) Sz @,

when p = 1.

To prove Theorem 1.1, we used the following Guliyev type local estimate, see [18, Theorem
3.1.], see also [13].

Theorem 3.1. Let 1 < p < oo, then the inequality

T 1F 1Ly (B dt

T <
7y pory S 7 [ =R E R

2r

holds for any ball B(xo,r) and for all f € LéOC(R”)
Moreover, for p =1 the inequality

" YAk (B(zo,t)) dt
L

holds for any ball B(xo,r) and for all f € L'¢(R™).

We are ready to start the proof of Theorem 1.1. The statement is derived from the estimate
(13). The estimation of the norm of the operator, that is, the boundedness in the non-vanishing
space, immediately follows from by Theorem 2.1. So, we only have to prove that

: o,V (e, _ : o,V . —
1%555 Ao (fi2,7) =0 = }glg)xseup Ao, (T fi2,1) =0, (14)
and
hm sup A7 Sol(f,x r)=0 = hm sup Q(}/V@aV(Tf;x,r) =0. (15)
—0zeRrn —0zeRrn

«

To show that suﬂg (1 + ﬁ) oz, T)*lr*”/pHTfHLP(B(x,T)) < ¢ for small r, we split the right-
TER™

hand side of (13):

T O\® 1 -n
(1 ) o2l P IT ey < Ol () 4 i (7, (16)



152 TWMS J. PURE APPL. MATH., V.13, N.2, 2022

where Jy > 0 (we may take dp > 1), and

a
(1+it) 7
p(z) / —n_
ANV e,
2T £l 2, (B(z.0))

T

Is,(z,7) ==

and

14+-0)"
(z) _n_
J50<x,r>::( a ) / Pl (B d

902(567 T)
do

and it is supposed that r < dp. We use the fact that f € VM, (p‘g (R™) and choose any fixed
do > 0 such that

3

t o\ s
sup (1+ 7) o1z, )"t /prHLp(B(a;t)) < 20Cy

TER™ p(x)
where C' and Cj are constants from (5) and (22). This allows to estimate the first term uniformly
in r € (0,6) :

sup Cls,(z, 1) < E, 0<r <.
reR”™ 2

The estimation of the second term now my be made already by the choice of r sufficiently small.
Indeed, thanks to the condition (12) we have

<1+@)a
o1(,7)

where c;, is the constant from (2). Then, by (12) it suffices to choose 7 small enough such that

[0
(1+ 76) e
sup <
zeRn  P2(,7) 2¢5, HfHVM;?’qYl

Jéo(mvr) < ¢s, Hf‘|VM§,LaV1’

)

which completes the proof of (14).
The proof of (15) is similar to the proof of (14).

4. PROOF OF THEOREM 1.2

Similar to the proof of Theorem 1.2, we used the following Guliyev type local estimate, see
[18, Theorem 4.1.], see also [13].

Theorem 4.1. Let V € RH, 5, b € BMOy(p). If 1 < p < oo, then the inequality

oo
. 1112, (B0 dt
16, TY) Ly (B S [blor? / (1410 1) Mty &

, 17
ot 2 m
2r

holds for any ball B(xo,r) and for all f € LéOC(R”).
Moreover, the inequality
Wl 1 2o dt
10Tl paney S Blor™ [ (110 f) A EalPent) L

2r

holds for any ball B(zo,r) and for all f € L'°(R™), where ®(t) = tIn(e +t).
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The norm inequality having already been provided by Theorem 2.2, we only have to prove
the implication

lim sup <1 + ) p1(z,7) b /p”fHLp(B(I»T)) =0

70 yeRrn p(x)
= lim sup (14— ) ool ), Ty (80 = 0
70 zeRn p(x) ’ ’ e

To check that

T @ —-1,.—n
sup (15 ) eala ) I TVl ey < = for small

we use the estimate (17):

~Lp=n/p < [ / O Iy o v dt
e2(a )T TN A sy S (1+m-) R

r

We take r < dg, where §y will be chosen small enough and split the integration:

ro\Q 1w
(1+7p(z)) @2 (x, )" r /PH[@T](f)”Lp(B(x,r)) < COllsy(x,7r) + Js5o (2, 7)], (18)
where
(1+55)" f I d
t
I =T @) / 1o L) WLe(Bot) dE
50(x7r) @2(1,'77") + r tp t
and

1+ r o OO
Jso(z,7) ;:(p(z))/( 1+In ) Mﬂ‘

pa(z,r) te t
00
We choose a fixed dg > 0 such that

r @ -1,.—n/p
sup (1 + 7,0(96)) o1(x, ) TP fll L, By <

<
20C," =
where C' and Cj are constants from (18) and (6), which yields the estimate of the first term

uniform in r € (0,dg) : sup Clsy(z,7) < §, 0 <7 < do.
reR™

For the second term, writing 1 +1In% <1+ [In ¢/ +1n 1, we obtain
Gt o lns
—_— o, V R
¢2(xvr) My,
where c¢g, is the constant from (8) with 6 = dp and c¢g, is a similar constant with omitted logarith-

mic factor in the integrand. Then, by (7) we can choose small 7 such that sup,cgn Js,(2,7) < §,
which completes the proof.

J50 (m,r) <

5. PROOF OF THEOREM 1.3

Similar to the proof of Theorem 1.3, we used the following Guliyev type local estimate, see
[3, Theorem 5.]. In order to prove Theorem 1.3, we need the following

Theorem 5.1. Suppose V € RH,, 5, b € A(p), 8 >0,0<v<1. Let1<p<q< oo satisfy
1/qg=1/p —v/n then the inequality

[ 11l (B o dt

106, TV 2y (B0 S M (D Ly (B0 S 70 pe

2r

(19)
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holds for any f € LLOC(R”). Moreover, for p =1 the inequality

HfHL B(zo,t) dt
102U Lo o S DI o (B S / 1Blen)

holds for any f € L'¢(R™).

We are ready to start the proof of Theorem 1.3. The statement is derived from the estimate
(19). The estimation of the norm of the operator, that is, the boundedness in the non-vanishing
space, immediately follows from by Theorem 2.3. So, we only have to prove that

: a,V . —
ll—%;élﬂg A0 (fiz,r) =0 = hm sup A 902([11, T|(f);z,r) =0, (20)
and
hm sup ALY (fiz,r) =0 = hm sup 0,V ([b, T)(f); z,7) = 0. (21)
OxeRn L OIERn P2

To show that seulé)n (1 + %)agpz(x,r)—lr—n/lin[b, T/ ()Ly(B(zy)) < € for small r, we split the
right-hand side of (19):

(1 + p(rx))a(PQ(x,r)_lr—n/PH[baT](f)HLq(B(a:,r)) < CIsy () + Js (7)), (22)

where §y > 0 (we may take oy > 1), and

@ 5
1+
(z) _n_
Iiy(a,7) = <¢2(; 2 [ W et

T

and

14+-0)"
(z) _n_
Jso (z, 1) = 7( - ) / Y F Iz, (B d

(,02(.%, T’)
do

and it is supposed that r < dy. We use the fact that f € VM, ZX (R™) and choose any fixed
do > 0 such that

sup (14 =) 1 (@, ) Pl ey < 5
z€RN p(z) P 200y
where C and Cj are constants from (9) and (22). This allows to estimate the first term uniformly
inre (0, 50) :

sup Cls,(z,7) < E, 0<r<dg.

T€R”™ 2

The estimation of the second term now my be made already by the choice of r sufficiently small.
Indeed, thanks to the condition (12) we have

1+ = “
(z)
e < 2

where c5, is the constant from (2). Then, by (12) it suffices to choose r small enough such that

(1 )

+25)

sup (z) < €

FISING <p2(x,7') 2050”f”VM§¢V1

17y aap

9

which completes the proof of (20).
The proof of (21) is similar to the proof of (20).
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6. CONCLUSION

In this paper, we have studied the boundedness of Calderén-Zygmund operators 1" associated
with Schrodinger operator and their commutators [b, 7] with b € BMOy(p) or b € A%(p) on

vanishing generalized Morrey spaces V My, ZPV (R™) related to Schrodinger operator.
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