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HILFER AND HADAMARD FRACTIONAL DIFFERENTIAL EQUATIONS
IN FRECHET SPACES

SAID ABBAS', MOUFFAK BENCHOHRA?, NAIMA HAMIDI?> AND JUAN J. NIETO?

ABSTRACT. In this paper, by using the fixed point theory and the technique relying on the
concept of measure of noncompactness in Fréchet spaces, we prove some existence and Ulam—
Hyers—Rassias stability results for some Hilfer and Hilfer-Hadamard fractional differential equa-
tions.
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1. INTRODUCTION

Fractional calculus is a branch of classical mathematics, which deals with the generaliza-
tion of operations of differentiation and integration to fractional order. Fractional differential
equations have recently been applied in various areas of engineering, mathematics, physics and
bio-engineering, and other applied sciences [15, 34]. For some fundamental results in the theory
of fractional calculus and fractional differential equations we refer the reader to the monographs
[4,5, 6,21, 30, 38], the papers [3, 7, 8, 24, 31, 32, 33| and the references therein. Recently, consid-
erable attention has been given to the existence of solutions of initial and boundary value prob-
lems for fractional differential equations with Hilfer fractional derivative; [12, 13, 15, 19, 35, 37],
and the references therein.

The stability of functional equations was originally raised by [36] and by [16]. Thereafter,
this type of stability is called the Ulam—Hyers stability. In [27] was provided a remarkable
generalization of the Ulam—Hyers stability of mappings by considering variables. The concept of
stability for a functional equation arises when we replace the functional equation by an inequality
which acts as a perturbation of the equation. Considerable attention has been given to the study
of the Ulam—Hyers and Ulam—Hyers—Rassias stability of all kinds of functional equations; one
can see the monographs [6, 17|, the papers [1, 2, 3, 7, 8, 23, 28, 29] and discussed the Ulam—Hyers
stability for operatorial equations and inclusions. More details from historical point of view, and
recent developments of such stabilities are reported in [18, 28].

Recently, in [10, 11] the authors applied the measure of noncompactness to some classes of
functional integral equations in Fréchet spaces. Motivated by the above papers, we discuss
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the existence and the Ulam stability of solutions for the following problem of Hilfer fractional
differential equations of the form

(DG u)(t) = f(t, u(t)); t € Ry = [0, +00),
(1)
Iy "u)(0) = ¢,
where a € (0,1), B € [0,1], y = a+p—-—aB, T >0, ¢ € E, f: R, xXE — Eis a
given function, F is a real (or complex) Banach space with a norm || - ||, Ié_7 is the left-sided

mixed Riemann-Liouville integral of order 1 —+, and D # is the generalized Riemann-Liouville
derivative operator of order o and type 3, introduced by Hilfer in [15].

Next, we consider the following problem of Hilfer—-Hadamard fractional differential equations

of the form
(DY u)(t) = g(t,u(t)); ¢ € [1,00),
(2)
(11 7u)(1) = oo,
where a € (0,1), S € [0,1], y=a+p—aB, T >1, ¢g € E, g:[l,0) x E — E is a given
function, I11 7 is the left-sided mixed Hadamard integral of order 1 — ~, and Df"g is the
Hilfer—-Hadamard fractional derivative of order o and type (.

This paper initiates the use of the measure of noncompactness in Fréchet spaces for the Ulam
stability of problems (1) and (2).

2. PRELIMINARIES

Let C' be the Banach space of all continuous functions v from I :=[0,7]; T > 0 into F with
the supremum (uniform) norm

[0]lco := sup [[u(@)]-
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into E. By L(I),
we denote the space of Bochner-integrable functions v : I — E with the norm

T
ol = / fo(t)]dt.
0

By C,(I) and C](I), we denote the weighted spaces of continuous functions defined by
C,(I) = {w: (0,T] = E : ! Tw(t) € C},
with the norm
lwllc,, := sup [t'w(®)],
tel

and p
w
Ci(I)={weC: - €G3
with the norm
lwlles = llwlles + 'l

Let C'(R4) be the Fréchet space of all continuous functions v from R, into E, equipped with
the family of seminorms

[vlln = sup [u(®)]; n €N.
te[0,n]
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In what follows, we will work in the weighted Fréchet space X := C,(R.) of continuous functions
defined by
X ={w: (0,00) = E: t!7w(t) € C(R})},
equipped with the family of seminorms
[vlln = sup [t 70(8)]; n €N,
te[0,n]
and the distance
22 " Hu Ulln ;u,v e X,
1+ lu—v|n
Definition 2.1. A nonempty subset B C X is said to be bounded if

sup [|v]|, < o0; for n € N.

veX

We recall the following definition of the notion of a sequence of measures of noncompactness
[12, 13].

Definition 2.2. Let Mx be the family of all nonempty and bounded subsets of a Fréchet
space X. A family of functions {pn, tnen where p, : Mx — [0,00) is said to be a family of
measures of noncompactness in the real Fréchet space X if it satisfies the following conditions
for all B,By,Bs € Mx :

(a) {ftn}nen is full, that is: p,(B) =0 for n € N if and only if B is precompact,

(b) pn(B1) < pn(B2) for By C By and n € N,

(¢) pn(ConvB) = p,(B) for n € N,

(d) If {B;}i=1,.. is a sequence of closed sets from M x such that B;y1 C B;; i = 1,--- and if
im0 ptn,(B;) = 0, for each n € N, then the intersection set Bo, := N2, B; is nonempty.

Some Properties

(e) We call the family of measures of noncompactness { (i, }nen to be homogeneous if i, (AB) =
|A|pn (B); for A € R and n € N.

(f) If the family { g, }nen satisfied the condition py, (B1 U Ba) < pn(B1) + pn(B2), for n € N,
it is called subadditive.

(g) It is sublinear if both conditions (e) and (f) hold.

(h) We say that the family of measures {j, }nen has the maximum property if

,un(Bl U Bz) = max{ﬂn(Bl)uun(BQ)}7

(i) The family of measures of noncompactness { i, }nen is said to be regular if if the condi-
tions (a), (g) and (h) hold; (full sublinear and has maximum property).

Example 2.1. For B€ Mx, © € B, n € N and € > 0, let us denote by w"(x,€) forn € N;
the modulus of continuity of the function x on the interval [0,n]; that is,

w"(z,€) = sup{|z(t) — z(s)| : t,s € [0,n], [t — s| < €}
Further, let us put
w"(B,e) =sup{w"(x,¢€) : x € B},
wy(B) = lim w"(B,e€),

e—0F

a"(B) = sup a(B(t)):= sup a({z(t):z € B}),
te[0,n] te[0,n]

and
Brn(B) = wy(B) + a"(B).
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The family of mappings {fn tnen where By, : Mx — [0, 00), satisfies the conditions (a)-(d) from
Definition 2.2.
Now, we give some results and properties of fractional calculus.
Definition 2.3. [5, 21, 30] The left-sided mized Riemann—Liouville integral of order r > 0 of
a function w € LY(I) is defined by

¢
1
(Iy F(r/t_s s)ds; for a.e.t€l,
0

where I'(+) is the (Euler’s) Gamma function defined by

[e.e]

L) = /tﬁ—le—fdt; £>0.
0
Notice that for all r,r1,72 > 0 and each w € C, we have Ijw € C, and

(I3 I2w) (t) = (152 w)(t); for ae. t € 1.
Definition 2.4. [5, 21, 30] The Riemann—Liouville fractional derivative of order r € (0,1] of
a function w € L'(I) is defined by

Do) = (g1 w0) 0

Let r € (0,1], v € [0,1) and w € Ci1—~(I). Then the following expression leads to the left
inverse operator as follows.

(DpIyw)(t) = w(t); for all t € (0,T].
Moreover, if I;™"w € Ci_(I), then the following composition is proved in [30]

(Ig Dyw)(t) = w(t) — Wﬂ L for all t € (0,T).

Definition 2.5. [5, 21, 30] The Caputo fractional derivative of order r € (0,1] of a function
w € LY(I) is defined by

CDpw)(t) = (I& FOLC

t
= /t—s T— (s)ds; for a.e.tel.
1 —r)
0

In [15], Hilfer studied applications of a generalized fractional operator having the Riemann—
Liouville and the Caputo derivatives as specific cases (see also [19, 35].

Definition 2.6. (Hilfer derivative). Let o € (0,1), 8 € [0,1], w € L*(I), Iél_a)(l_’g) €
AC(I). The Hilfer fractional derivative of order o and type 5 of w is defined as

—o) d (1—a)(1—
(DS w)(t) = (I{f“ )@1—51 a f%) (t); for ae. tel. (3)
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Some Properties. Let a € (0,1), 3€[0,1], v =a+ 3 —af, and w € L}(I).
1. The operator (Dg"w)(t) can be written as

dt°
Moreover, the parameter ~y satisfies
76(0¢1]a ’72047 ’7>ﬁ7 1—’)/<]_—B(1—OL).

2. The generalization (3) for 8 = 0, coincides with the Riemann-Liouville derivative and for
8 =1 with the Caputo derivative.

(Dg’ﬁw)(t) _ <Ig(1_a)d[1_7w> (t) = ([g(l_a)Dgw> (t); for ae. tel.

DS = DY, and D' = °Dy.
3. If Dg(l_a)w exists and in L'(I), then
(DS 15 w)(t) = (1"~ DF YD w)(t); for ae. t eI
Furthermore, if w € C,(I) and Ié_ﬁ(l_a)fw € C%(I), then
(DEPISw)(t) = w(t); for ae. tel.
4. If DJw exists and in L'(I), then
L (0%

I'(7)
Corollary 2.1. Let h € C,(I). Then the Cauchy problem

(I§ DPw)(t) = (I] DJw)(t) = w(t) 77 for ae. t €1

(D u)(t) = h(t); te 1,

(Iy""w)(t)le=0 = 6,
has the following unique solution

¢

w(t) =
I'()
From the above corollary, we conclude with the following lemma.

Lemma 2.1. Let f: I x E — E be such that f(-,u(-)) € Cy for any v € Cy. Then problem
(1) is equivalent to the problem of the solutions of the integral equation

u(t) = ny)t IS S u())(0).

Now, we consider the Ulam stability for the problem (1). Let € > 0 and ®,, : [0,n] — [0, 00)
forn € N be a continuous function. We consider the following inequalities

7 4 (ISR (t).

|(D57u)(®) = £t ult)]] < en; ¢t € 0,7, (4)
|(D7u)(®) = £t u(t)]] < @a(t); ¢ € 0,7 (5)
[(Dgu)(t) = f(tu®)]| < enn(t); t € [0,m). (6)

Definition 2.7. [5, 28] The problem (1) is Ulam—Hyers stable if there exists a real number
cn,f > 0; n € N such that for each € > 0 and for each solution v € X of the inequality (4) there
exists a solution v € X of (1) with

Ju(t) = o) < ecuss ¢ € [0,n].
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Definition 2.8. [5, 28] The problem (1) is generalized Ulam—Hyers stable if there ezists
cn,f € C([0,00),[0,00)) with ¢y, ¢(0) = 0 such that for each €, > 0 and for each solution u € X
of the inequality (4) there exists a solution v € X of (1) with

[u(t) = v(B)]] < cn p(en); t € [0,n].

Definition 2.9. [5, 28] The problem (1) is Ulam—Hyers—Rassias stable with respect to ®y, if
there exists a real number ¢, s, > 0 such that for each €, > 0 and for each solution u € X of
the inequality (6) there exists a solution v € X of (1) with

lu(t) —v(t)]] < encn,f,0,Pn(t); t € [0,n].

Definition 2.10. [5, 28] The problem (1) is generalized Ulam-Hyers—Rassias stable with
respect to @, if there exists a real number ¢, y, > 0 such that for each solution u € X of the
inequality (5) there exists a solution v € X of (1) with

[u(®) = v(t)|| < cn,f0, Palt); ¢ €[0,n].
Remark 2.1. It is clear that

(i) Definition 2 = Definition 2,
(ii) Definition 2 = Definition 2,
(iii) Definition 2 for ®(-) =1 = Definition 2.
One can have similar remarks for the inequalities (4) and (6).
Lemma 2.2. [9] If Y is a bounded subset of Fréchet space X, then for each € > 0, there is a
sequence {yr}po, C Y such that

in(Y) < 2pn({yr}iZy) + & forn €N

Lemma 2.3. [22] If {u;}32, C LY(I) is uniformly integrable, then p,({ug}32) is measurable
forn e N, and
t o0 t
po (4 [uns ) <2 [ n(tuo)is
0 k=1 0
for each t € [0,n].
Definition 2.11. Let Q be a nonempty subset of a Fréchet space X, and let A : Q — X be
a continuous operator which transforms bounded subsets of onto bounded ones. One says that
A satisfies the Darbo condition with constants (kn)nen with respect to a family of measures of
noncompactness { i tnen, if

tin(A(B)) < knpin(B)

for each bounded set B C £ and n € N.
If ky, < 1; n €N then A is called a contraction with respect to {fin }nen-

In the sequel we will make use of the following generalization of the classical Darbo fixed
point theorem for Fréchet spaces.

Theorem 2.1. [10, 11] Let Q be a nonempty, bounded, closed, and convex subset of a Fréchet
space I and let V : Q@ — Q be a continuous mapping. Suppose that V is a contraction with
respect to a family of measures of noncompactness { i }nen. Then V' has at least one fixed point
i the set ).

We recall Gronwall’s lemma for singular kernels.
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Lemma 2.4.(Gronwall lemma) [Lemma 7.1.1, [14]] Let v : I — [0,00) be a real function and
w(t) be a measurable, nonnegative and locally integrable function on I. If there are constants
c>0and 0 < a <1 such that

o)
05

v(t) <w(t) + c/
0

then there exists a constant 6 = §(«) such that

t

v(t) < w(t) +5c/ w(s) ds,
0

for every t € 1.

3. HILFER FRACTIONAL DIFFERENTIAL EQUATIONS IN FRECHET SPACES

In this section, we are concerned with the existence and the generalized Ulam—Hyers—Rassias
stability of our problem (1).

Definition 3.1. By a solution of the problem (1) we mean a measurable function v € X
that satisfies the condition (I3 "u)(0%) = ¢, and the equation (DS u)(t) = f(t, u(t)) on Ry.

The following hypotheses will be used in the sequel.

(Hy) The function ¢t — f(t,u) is measurable on I for each v € E, and the function u — f(¢,u)

is continuous on F for a.e. t € Ry,
(H2) There exists a continuous function p : R4 — [0, 00) such that

p@)[u— v

Hf(t,U)—f(t,U)H < 1+||u—v||

; for a.e. t € Ry, and each u,v € E,

(H3) For each bounded and measurable set B C E and for each ¢ € R, we have

u(f(t, B)) < p(t)u(B).
(Hy) For any n € N, there exists Agp,, > 0 such that for each ¢ € [0, n], we have

(15®n)(t) < Ae, Pn(1).

For each n € N, we set

py = sup p(t), fr = sup |f(t,0)].
te[0,n] te(0,n]

Theorem 3.1. Assume that the hypotheses (H1) — (Hs) hold. If for n € N, we have

4p;n®

ni= o —— <1,
¢ F(1+a)<

where

p, = sup p(t),
te[0,n]
then the problem (1) has at least one solution in X. Furthermore, if the hypothesis (Hy4) holds,

then the problem (1) is generalized Ulam—Hyers—Rassias stable.
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Proof. Consider the operator N : X — X defined by:
t

(Nu)(t) = in)tvl L (e e (Z()S))ds. (8)
0

Clearly, the fixed points of the operator N are solution of the problem (1).

For each n € N, we set

fn = sup |f(t0).
te[0,n]

For any n € N, and each v € X and ¢ € [0,n] we have
t

I8 ol < 1) (t— 921 (s, u(s)) s
0
ol ' / t a
< ps i [ (t =) 1S (s,u(s) = f(5,0)ds
0 0
M tl_’Y / — s a—1 s s s H¢H (fn +pn Tl K / a 1 S
S(w+H®Jﬁ A0+ pl)ds < 125 + Z a
Il . (fz +pp)nirre
ST T T+a)
e Il | (f; +pymiree
NGl < o+ P R 9)

This proves that N transforms the ball B, := B(0,R,,) = {w € X : ||w|, < R,} into itself.
We shall show that the operator N : B — Bpg satisfies all the assumptions of Theorem 2.1.
The proof will be given in several steps.

Step 1. N : B — Bpg s continuous.
Let {ux}ren be a sequence such that up — u in Bg,. Then, for each ¢t € [0, n], we have

1 (V) (1) — £ (Nu) (1) < /’ D (s, un(s)) — £(s,u(s)) ds
0
t 1 t
/ww ) us(s) — <w@<“T7/ ) Uun(s) — u(s)||ds.
0 0

Hence
-y

112 (Nu)(6) — £ (V)| < B / )" lur(s) — u(s)|lds. (10)
0

Since uy — u as k — oo, then equation (10) implies
IN(ug) — N(uw)|ln =0 as k — oo.

Step 2. N(Bg,) is bounded.
Since N(Bpg,) C Bg, and Bpg, is bounded, then N(Bpg,) is bounded.
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Step 3. For each bounded subset D of Brg, , pn(N(D)) < lppn(D).
From Lemmas 2.2., 2.3., for any D C Bg, and any € > 0, there exists a sequence {uy}3>, C D,
such that for all ¢ € [0,n], we have
t

W((ND)(H)) = PZ:)tVlJr/(t— 5)° 1f(r(a() Jsuls) g e p
0

[e.9]

o ({12 s ) e [u({U5 2 o) Yo
0 0

IN

(@) (c) k=1

k=1

(t —s)ot

I'«) p(s)u ({ur(s)}pzy) ds + ¢

t (t - syt t
< 4/tIﬁg u{ﬂ&wwﬂﬁﬁ®+6§4/
0

[N
I
ﬁ.
'1|
’5&,
~ Q
E
E
®»
=
=
<
>
——
>
I,
+
)
IN
AO
I
o —_
~
= |
o
~| Q
R
=
NP
QL
©»
=
3
S
+
)

< 4dpin®
- T+ a)
Since € > 0 is arbitrary, then

pn(N(B)) < npin(B).

As a consequence of steps 1 to 3 together with Theorem 2.1, we can conclude that N has at
least one fixed point in Bpg, which is a solution of problem (1).

Step 4. The generalized Ulam—Hyers—Rassias stability.
Let u be a solution of the inequality (5), and let us assume that v is a solution of problem (1).

Thus, we have
¢

v(t) = FZ:)H—I + /(t — S)a_lf(?(z()s))ds.
0

From the inequality (5), for any n € N and each ¢ € [0, n], we have

u(t) —

S Y (LX) .
t 0/ ! () LA ds|| < (IS®)(t).

From hypotheses (Hz) and (Hy), for each ¢ € [0, n], we get

Hu(t) —'U(t)” < u( ) _ 7157 1 / a 1f S U(S))ds
0

[ el s,us) — Fs. o) t e 2luls) = v,

< As(1) + r]()i) /(t — )" fu(s) — v(s)||ds.
0
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From Lemma 2.4., there exists a constant § = §(«) such that

() — v(t)| < Al + Pt [(= 9 0()ds] < 1+ BN 1= i ra20)
0

Hence, the problem (1) is generalized Ulam—Hyers—Rassias stable.

4. HILFER—-HADAMARD FRACTIONAL DIFFERENTIAL EQUATIONS

Now, we are concerned with the existence and the generalized Ulam—Hyers—Rassias stability
of our problem (2).

Set C' := C([1,T]), and denote the weighted space of continuous functions defined by
Com([L,T]) = {w(t) : (Int)!Tw(t) € C},

with the norm
lwlc, ., = Sup (I t)" " w(t)].

Let C([1,00)) be the Fréchet space of all continuous functions v from [1,00) into E, equipped
with the family of seminorms

|lv]ln = sup [v(t)][; n € N*.
te(l,n]

Now, we will work in the weighted Fréchet space F':= C, 1, of continuous functions defined by
F={w:(l,00) = E: (Int)"7w(t) € C([1,00))},
equipped with the family of seminorms

lolln = sup [|(Int)~u(®)]; n € N,
te[l,n]

Let us recall some definitions and properties of Hadamard fractional integration and differen-
tiation. We refer to [21] for a more detailed analysis.

Definition 4.1. [21] (Hadamard fractional integral). The Hadamard fractional integral of
order ¢ > 0 for a function g € L*([1,T)), is defined as

xT

(1)) = = [ ()"

I'(q) s s
1
provided the integral exists.
Example 4.1. Let 0 < ¢ < 1. Then
1
H rq 1+
I'Int= ——(Int)"™%; for a.e. t €]0,¢].
Set
) d >0 lq +1
= r— n =
dx’ q ) q 9
and

ACYT :={u:[1,T] = E : 6" Yu(z)] € AC(I)}.
Analogous to the Riemann—Liouville fractional calculus, the Hadamard fractional derivative is
defined in terms of the Hadamard fractional integral in the following way:
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Definition 4.2. [21] (Hadamard fractional derivative). The Hadamard fractional derivative
of order q > 0 applied to the function w € ACY is defined as
(" Dfw)(x) = 8"(" I}~ "w) (x).
In particular, if g € (0, 1], then
(7 Dfw)(x) = 5( 1 *w) ().
Example 4.2. Let 0 < g < 1. Then

Hpint = (Int)'=9, for a.e. t €0,€].

1
I'(2-q)
It has been proved (see e.g. Kilbas [[20], Theorem 4.8]) that in the space L*(I), the Hadamard
fractional derivative is the left-inverse operator to the Hadamard fractional integral, i.e.
("DH (T I{w)(z) = w(z).
From Theorem 2.3 of [21], we have

a\(H 1ya _ ("1, "w)(1)
(1) (" Diw)(z) = w(z) — IFT

Analogous to the Hadamard fractional calculus, the Caputo-Hadamard fractional derivative is
defined in the following way:

Definition 4.3. (Caputo-Hadamard fractional derivative). The Caputo—Hadamard fractional
derivative of order q > 0 applied to the function w € ACY is defined as

("eDiw)(z) = ("I} 6" w) ().

(Inz)9 L,

In particular, if ¢ € (0, 1], then
("eDiw)(x) = ("1} %6w)(z).

From the Hadamard fractional integral, the Hilfer-Hadamard fractional derivative (introduced
for the first time in [25]) is defined in the following way:

Definition 4.4. (Hilfer—Hadamard fractional derivative). Let o € (0,1), B € [0,1], v =
a+pB—aB, we LYI), and Hlfl_a)(l_ﬁ)w € ACY(I). The Hilfer-Hadamard fractional derivative
of order a and type B applied to the function w is defined as

("D w)(t) = (1174 DIw) ) (1)

()
= (Hllﬂ(l_a)é(Hlll_yw» (t); for a.e.t € [1,T).

This new fractional derivative (11) may be viewed as interpolating the Hadamard fractional
derivative and the Caputo-Hadamard fractional derivative. Indeed for 8 = 0 this derivative re-
duces to the Hadamard fractional derivative and when 8 = 1, we recover the Caputo-Hadamard
fractional derivative.

1
Hpy® = Hp¢, and "DP' = Hepy.

From Theorem 21 in [26], we concluded the following lemma
Lemma 4.1. Let g : [1,T] x E — E be such that g(-,u(-)) € Cym([1,T]) for any u €
Cyn([1,T]). Then Then problem (2) is equivalent to the following Volterra integral equation

u(t) = Fq(sg)(hﬂt)”_1 + (I u(-))(@).
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Definition 4.5. By a solution of the problem (2) we mean a measurable function v € Cy
that satisfies the condition (I} Tu)(11) = ¢o, and the equation (HD?’BU)(t) = g(t,u(t)) on
[1,7].

Now we give (without proof) similar existence and Ulam stability results for problem (2). Let
us introduce the following hypotheses:

(Hy) The function t — g(t,u) is measurable on [1,00) for each u € E, and the function

u > g(t,u) is continuous on F for a.e. t € [1,00),

(H)) There exists a continuous function ¢ : [1,00) — [0, c0) such that

q(t)[lu —of

; for a.e. t € [1,00), and each u,v € E,
1+ ||u—

lg(t,u) — g(t,v)|| <
(HY) For each bounded and measurable set B C F and for each t € [1,00), we have
u(g(t, B)) < q(t)u(B),
(H}) For any n € N*, there exists A\p, > 0 such that for each ¢t € [1,n], we have
("I ,)(1) < Ao, Pn(t).
Theorem 4.1. Assume that the hypotheses (H{) — (HS) hold. If

po  Agy(lnn)°
T+ )
where gy, = Sup;eq1 ;) 4(t), then the problem (2) has at least one solution defined on I.
Furthermore, if the hypothesis (H}) holds, then the problem (2) is generalized Ulam—Hyers—
Rassias stable.

<1, (12)

5. AN EXAMPLE

Let

[e.e]
E=1'= {u:(ul,u2,...,uk,...),Z|uk| <oo}
k=1

be the Banach space with the norm

o
lullz = ful.
k=1

Consider the Hilfer fractional differential equation of the form

1

(DE ) (1) = fult,u(t)); t € Ry,

(13)
(I()Zuk)(t”t:() = (1a 0,...,0,.. ')7
where )
~ tTa(t)sint
= sl <
fx(0,u) =0,
with

3
f:(f17f27"'7fk7"')7 u:(u17u27-"auk>"')> C:= %F <;> .
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Set « = 8 = %, then v = %. The hypothesis (H») is satisfied with

B t_Tl|sint| ‘ ~
O = i 1€ (0.20),
p(0) =0.

Hence, Theorem 3.1 implies that the problem (13) has at least one solution defined on R . Also,
the hypothesis (Hy) is satisfied with

1
D,(t) =€ Np, = i) " e N.
Indeed, for each t € [0,n] we get
o3
(I5'®n)(t) < Ti+a)
- /\<I>7LCI)n(t)-

Consequently, the problem (13) is generalized Ulam—Hyers—Rassias stable.
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