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NORMAL SUBGROUPS OF FINITE INDEX FOR THE GROUP
REPRESENTATION OF THE CAYLEY TREE

U.A. ROZIKOV?, F.H. HAYDAROV?

ABSTRACT. In this paper we give full description of normal subgroups of index four and six for
a group representation of the Cayley tree.
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1. INTRODUCTION

There are several thousand papers and books devoted to the theory of groups. But still there
are unsolved problems, most of which arise in solving of problems of natural sciences as physics,
biology etc. In particular, if configuration of physical system is located on a lattice (in our case
on the graph of a group) then the configuration can be considered as a function defined on the
lattice. Usually, more important configuration (functions) are periodic ones. It is well-known
that if the lattice has a group representation then periodicity of a function can be defined by a
given subgroup of the representation. More precisely, if a subgroup, say H, is given, then one
can define H- periodic function as a function, which has a constant value (depending only on
the coset) on each (right or left) coset of H. So the periodicity is related to a special partition
of the group (that presents the lattice on which our physical system is located). There are many
works devoted to several kind of partitions of groups (lattices) (see e.g. [1], [3], [4], [6]).

Cayley tree. A Cayley tree (Bethe lattice) T'* of order k > 1 is an infinite homogeneous
tree, i.e., a graph without cycles, such that exactly k + 1 edges originate from each vertex. Let
I'* = (V, L) where V is the set of vertices and L that of edges (arcs). Two vertices x and y are
called nearest neighbors if there exists an edge | € L connecting them. We will use the notation
I = (x,y). A collection of nearest neighbor pairs (x, z1), (z1, z2), ...(xq_1,y) is called a path from
x to y. The distance d(x,y) on the Cayley tree is the number of edges of the shortest path from
z to y.

A group representation of the Cayley tree. Let Gi be a free product of k 4 1 cyclic groups
of the second order with generators aj, as, ...agy1, respectively.

It is known that there exists a one to one correspondence between the set of vertices V' of the
Cayley tree I'* and the group Gj.

To give this correspondence we fix an arbitrary element xg € V and let it correspond to the
unit element e of the group G. Using ay, ..., ag+1 we numerate the nearest-neighbors of element
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e, moving by positive direction. Now we’ll give numeration of the nearest-neighbors of each

a;,; v =1,..,k+1by a;a;,j = 1,...,k 4+ 1. Since all a; have the common neighbor e we give to
2
7
We numerate the set of all the nearest-neighbors of each a;a; by words a;ajaq,q = 1,...,k + 1,

it a;a; = af = e. Other neighbor are numerated starting from a;a; by the positive direction.
starting from a;aja; = a; by the positive direction. Iterating this argument one gets a one-to-one
correspondence between the set of vertices V of the Cayley tree I'* and the group G}.

In Chapter 1 of [4] it was constructed several normal subgroups of the group representation of
the Cayley tree. In particular some normal subgroups of index 4 and index 6 were constructed.
In this paper we shall give full description of normal subgroups of index four and index six.

Normal subgroups of finite index of the group Gi. Any (minimal represented) element = € Gj,
has the following form: =z = a;,a,...a;,, where 1 <1, < k+1,m = 1,...,n. The number n is
called the length of the word x and is denoted by I(z). The number of letters a;,i = 1,....,k + 1,
that enter the non-contractible representation of the word z is denoted by wy(a;).

The following is well-known (see [2],[5]).

Proposition 1.1. Let ¢ be homomorphism of the group Gi with the kernel H. Then H is a
normal subgroup of the group Gy and ¢(Gy) ~ Gi/H, (where Gi/H is a quotient group) i.e.,
the index |Gy : H| coincides with the order |p(Gy)| of the group o(Gy).

Let H be a normal subgroup of a group G. Define the homomorphism g from G onto the
quotient group G/H by g(a) = aH for all a € G. Then Kerp = H.

Definition 1.1. Let My, Mo, ..., My, be some sets and M; # M;, for i # j. We call the inter-
section NI, M; contractible if there exists ig(1 < ig < m) such that

N2y M; = (ﬂiglMi) N (NZig+1 M) -

Let Ny = {1,...,k + 1}. The following Proposition describes several normal subgroups of Gy.
Put
Hy = {l’GGk | wa(ai) is even}. (1)
€A
Proposition 1.2. [}] For any ) # A C Ng, the set Hy C Gy, satisfies the following properties:
(a) Ha is a normal subgroup and |Gy : Ha| = 2;
(b) Ha # Hp, for all A #+ B C Ng;
(c) Let Ay, Ag,...; Ay © Ny If N2 H y, is non-contractible, then it is a normal subgroup of
index 2™,

2. NEW NORMAL SUBGROUPS OF FINITE INDEX

2.1. The case of index four.

Proposition 2.1. Let ¢ be an epimorphism of the group Gy onto group (Zn,~+n), n € N.
Then n € {1,2}.

Proof. Let a; € Gy, i € Ni. Then [0],, = p(e) = p(a?) = (p(a;))?. Hence for the order of ¢(a;)
we have o(p(a;)) € {1,2}.

Case 1. Let n be an odd number. By Lagrange’s theorem, the group (Z,,+,) hasn’t any
element ¢(a;) € Gi,j € Nj such that o(p(a;)) = 2, i.e., ¢(z) = [0], for any x € Gj. Since
©(Gy) ~ Z, we have n = 1.

Case 2. Let n be an even number. Denote

A ={i| ¢(ai) = [0}, B={il ¥(a;)=[n/2],}.
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Since a? = e and ¢ is an epimorphism we note that there is only one element [c|, € Z, such

that o([c]n) = 2, i.e., [c]n = [n/2]n = 2. It is clear that if ¢ € G, such that o(c) = m then o(p(c))
divides m. Hence AU B = Nj. Then since ¢ ~ Z,, we have n = 2. Consequently

[0]2, if > ,cpwe(a;) is even,

[1]2, if > ;cpwe(a;) is odd.

p(r) =

Lemma 2.1. [2]. FEvery finite cyclic group of order n is isomorphic to (Zy, +n).
By Proposition 2.1, Lemma 2.1 we get

Corollary 2.1. Let p : G — < a > (finite cyclic group) be an epimorphism of groups. Then
|G, : Kerg| € {1,2}.

Corollary 2.2. Any normal subgroup of index 2 has the form (1), i.e, {Ha| A C Ni} =
{H| |Gy : H| = 2}.

Consider the set G = {e,a,b,c}. Let e be an identity element of G and define * on G by
means of the following operation:

2 2

bxa=axb=c, cxa=a*xc=>b, cxb=bxc=a, a>=e¢, b’ =¢, ¢* =e.

This group is well-known as Klein 4- group.

Proposition 2.2. [2]. There are only two groups of order 4 (up to isomorphism), a cyclic group
of order 4 and K4 (Klein 4-group).

Theorem 2.1. Any normal subgroup of index 4 has the form Hqa N Hp, i.e.
{H| |Gy :H|=4} ={HanHp| A, B C N, A # B}.

Proof. By Proposition 2.1 there is not epimorphism ¢ of Gy onto (Zy, +4). By Proposition 2.2
we have p(Gy) = Kjy.
(a) By Proposition 1.2 we get

{HaNHp| A,BC N, A# B# 0} C{Kery| |Gy : Kerp| =4}.

(b) Let S = {Ao, A1, A2, A3}, A; C Ny, U?_yA; = Ni. Here and further on |S| denotes the
cardinality of S. It’s easy to check |S| > 3.

Case 1. Let |S| = 3. If Ap # () then |Gy, : Kery| = 2. Hence there exist j € {1,2, 3} such that
Ag=A; =0.Let j = 3 (the case j € {1,2} is similar). Then there exists a unique epimorphism
(corresponding to Aj, Ag), i.e.,

( e, if ZieAl wz(a;), ZiEAQ wz(a;) are even,
a, if Y e, walai

SOAIAQ(SC) - ba if Zi6A1 wx(ai
(

)

) isodd, > 4, wz(as) is even,
) is even, > ., we(a;) is odd,
)

e, if Y ien, wzlai), D icn, wz(ai) are odd.

Then
KeTQOAlAQ :HAl ﬂHA2 C {HAQHB’ A,BC Nk}

Case 2. |S| =4.
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Case 2.1. Let A3 = () (the case Aj, Ao are similar). Then |A4;] > 1, ¢ € {0,1,2} and
Z?:o |Ai;| = k + 1. For all x € G}, we can construct following epimorphism

e, if Y icn, walai), D jcq,wz(ai) are even,
a, if Y e, welai)isodd, 7.4, we(a;) is even,

)
PAgA1L A2 (x) = b, if ZiEAl Wy ai) are even, Zi€A2 wx(ai) are odd,
)

(
e, if D ica, walai), Dliea, we(ai) are odd.

Then
KeT‘PAoAlAg :HA1 ﬂHA2 C {HAﬁHB’ A, B C Nk}

Case 2.2. |Ag| >0, |4;| > 1, i€ {1,2,3} and Z?:o |Ai| = k + 1. Here, as before we can
construct a unique epimorphism @ 4,4, A, 45-

Kerpaga, asa; = § | Z wz(ai), Z wz(a;) are even
1€A1UA3 1€A2UA3

Hence
Kerpaya,aas = Hayua, N Hayuays C{HaNHp| A, B C N}
Thus we have proved
{Kery| |Gy : Kero| =4} C{HsN Hp| A,BC N, A, B#0}.
This completes the proof. O

2.2. The case of index six.

Proposition 2.3. [2]. There are only two (up to isomorphism) groups of order 6, a cyclic group
of order 6 and S3.

Let ¢ is a homomorphism of the group G. Then by Proposition 2.3 we get following Corollary.
Corollary 2.3. If |Gy : Kerg| =6 then ¢(Gy) ~ (Ss,0).

Let Z,, = {A1, A, ..., Ay} be a partition of the set Nyi/Ag, where Ay C Ni, 0<|Ap| < k+1.
Put m; is a minimal element of A;, j € {1,2,...,n}.

Now we’ll define an equivalence relation on the set Gy. Let x = a;,a4y...a;, € Gg. If i), €
Ao, p€{1,2,...,q} then we’ll put e instead of a;, and if i, € A;, j € {1,...,n} then we'll put
m; instead of iy, i.e.,

T = iy Qg Qiyy = Ay Ay ey, = Ay Ay ooy, = T, S <M (2)

Z is a non-contractible representation of the word Ay, Gy -Gy - Introduce the following equiv-
alence relation on the set G : x ~ y if £ = g. It’s easy to see this relation is reflexive, symmetric
and transitive.

Let =, = {A1, As,...,A,} be a partition of Ny\Ag, 0 <|Ag| < k+ 1 —n. Then we consider
function u, : {a1, a9, ...,ax+1} — {e,a1,...,ap41} as

e, if ®=ua;,i€ Ay
un(2) = . . .
am;, if x=a;,1€ Aj,5 =1,2,...,n.
Define v, : G — G} by the formula

(@) = (@i Qiy -0, ) = un(aiyJun(ai,)...un(ai,)
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Put
Hz, = {z| l(yn(x)) : 6}, n <k + 1. (3)

Proposition 2.4. Let 2, = {41, Ao, ..., An} be a partition of Ny\Ag, 0 < |Ag] <k+1—n.
Then the following properties hold

(a) If 29 = {A1, A2} then Hz, is a normal subgroup of index sixz of Gj.

(b) Let Z3 = {Aq, Az, A3} and mqi,ma, mamims are minimal elements of Ay, Aa, Az respec-
tively then Hz, is a normal subgroup of index six of Gy.

Proof. We'll prove Property (a) (Property (b) is similar). Let x = a;a4,...a;, € Gj. It’s
sufficient to show z !Hz,» C Hz,. Let I(Z) be odd (the case even is similar) and h € Hzg,
then T = Ay, G,y -+ Qi and h = Amj, Ay -Gy, s where i1,142,71,j2 € {1,2}. Let y be the

2
—_

non-contractible representation of the word Z~'hZ. Then I(y) = I(h). Since z~ hz =y we have
y2(z7thx) : 6. Hence 2 'hx € H=,. This completes the proof. O

Let ¢ : G, — S3 be an epimorphism. Denote
By = {i] (a;) =€}, Bi={i] p(a;) = (12)},
By = {il p(ai) = (13)}, By = {il p(a;) = (23)}. (4)
Remark 2.1. {By, B, Bs} is a partition of Ny \ By.

Lemma 2.2. Let ¢ : Gy, — S3 be an epimorphism. For any x € Gy, there exist y € Gy, such
that p(x) = ¢(y) and l(y) < 6.
n

Proof. Let © = aj,a4y...a5, € Gy, and y = a4,...a4,_g,, where s = [2], a;, = e. Then I(y) < 6.

From (23) = (13)0(12)0(13) and (12)0(13)0(12)0(13)0(12)0(13) = e we get p(z) = p(y). O

Theorem 2.2. Let H be a normal subgroup of the group Gy. Then {H| |Gy : H| = 6} =
{H327 HE3}'

Proof. Let ¢ : Gy, — S3 be an epimorphism with |Gy : Kery| = 6. By Corollary 2.3 we get
©(Gy) ~ S3. By Proposition 2.4, Hz, C {H| |Gy : H| = 6}. Hence it’s sufficient to check
{H’ ’Gk : H’ :6} CHEQ.

Case 1. Let 29 = {41, A2}- be a partition of Ni\ Ag. Then we can construct six epimorphism
(corresponding to Ag, A1, Ag). By Lemma 2.2 we can show these epimorphisms. Put m; is a
minimal element of B;, i € {1,2,3}, defined in (4).

Case 1.1. Let Ay = By and Ay = By (A1 = Bg, As = Bj are similar). Then
e, if T €{e, AmyUmylm,Gmym,Gmys QmyGmy Gmy Gy Gmy Gmy
12), if & € {amy, AmyGmy UmyGmy Gmy }s
13), if Z € {amy; Qmy QmgQmy GmyGimy }s
23), if T € {m,Umymys QmymyGm, }

312), if T € {am,my, myGmyGmyQm, },

(

1) (
SOAOAlAQ(x) = (
(

(

231), if T € {amy@my, AmyGmyAm, Gmy }-

Case 1.2. A1 = Bl, A2 = Bg (Bl = AQ, Bg = Al are similar).
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e, if T € {e, amytmsUm,UmsAm,Gmss QmsGmy Gmgm, GmsGmy, T
(12), if Z € {am;, Umzm, Qmsm, Gms
(13), if & € {am,UmsGmy, AmgGm, Gmg }s

P 41 (@) =
AoArAz (23), if T € {ams, AmyGmsAm, Gmsm, }s
(312), if & € {amg@m,s AmyGmsm, Gms
(

231), if T € {am,ams, AmsAm,GmsQm, }-

Case 1.3. Aj = By, Ay = B3 (A} = B3, Ay = By are similar).

e, if T €{e, Umytmslmytmsmy@ms, QmsmsUmsGmyGmsGms |}
(12), if Z € {amy@msmsas GmsmgAms
(13), if & € {amys AmgmyUmgGmgAmg }s

o 44, (@) =
Ao A1 Az (23), if T € {amg, AmymsUmyGmsms, }s
(312), if & € {amy@msgs UmgGmsmsAm, )
(

231), if T € {a@msmy, QmgUms@myQms }-

Hence ‘
Kergosz)AlA? = Hz,.
Case 2. Let W3 = {4, Az, A3} be a partition of Nj \ Ag. Then there exist six epimorphism
(corresponding to Aj, As, A3). Let A; = B;, i € {0,1,2,3} (other cases are similar). It’s easy
to see Kerya,a,,4; 1s equal to

(37 € Gy, | HAS {67 Amy Omg Amy Omg s Amy Gms Amy Amgy , Amy Gmg Amg Amy , Amy Gms Amg Amg s Amg Ams Gmq Amg }) .

From So(armamzaml) = p(amz) we get Kerpa,a,4,4, = He,. O
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