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IDENTIFICATION PROBLEM FOR NONLINEAR SCHRODINGER
TYPE EQUATION

M.A. MUSAYEVA!, S.A. HASHIMOV?

ABSTRACT. The identification problem of determining of a several unknown coefficients of the
Schrédinger type equation is considered, correctness of this problem is studied and necessary
condition for the solution is found. For simplicity, the basic presentation of this problem is
considered for case of one-dimensional nonlinear Schrédinger type equation with boundary ob-
servation.
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1. INTRODUCTION

Schrédinger type equation is generalized of the well - known standard quantum mechanical
Schrodinger equation [12, 14]. In works [1-3, 9, 11, 15, 17] are developed the methods of solution
of Schrédinger type equation. This type equation arises in adoptive optics [20], atomistic -
molecular computational simulations, studies of bifurcation phenomena for nonlinear models
etc. Studying of the processes of wave propagation in a nonlinear medium is one of the pressing
problems of nonlinear optics and this problem occurs in various fields of modern physics and
technology. In work [16], the problem of determination of the complex quantum potential by
observation and quality criterion other then in this work is studied this problem different then
studying below. Let 9 (x,t)- complex wave function at the point with space coordinate x and
a time t. For a large range of applications, of nonlinear optics equation describing the slow
variation of the function v (z,t) in a dissipative one-dimensional medium with a quadratic
dispersion has form [21]:

5 ik o
z’%#—rz(:&t@%%—m(13775’7#)%4-7“0(%@7/’)71’:0’ (1)

where i = /=1, 4 is a wave function, the coefficients rj(x,t,7), 7 =0,1,2, are the functions
of (z,t), which described the heterogeneity of the medium of propagation and their dependence
on the function 1p = ¥ (z,t) is its nonlinear properties. A special case of equation (1) is the
following nonlinear Schrodinger type equation, which often arises in applications:
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Gy + e (w005 ) ~ale vt bR v = ) ©)
where the functions ag (x,t),a (x,t) describe the heterogeneity property of the medium with a
quadratic dispersion, p,a;- a real numbers, but these may be functions of (z, t). In practices
are faced identification problem about determination of the coefficients ag (z,t), a (x,t) and the
complex wavefunction v (x,t) of nonlinear Schrodinger type are faced identification problem
about determination of the coefficients ag (z,t), a (x,t) and the complex wavefunction v (z,t)
of nonlinear Schrédinger type equation (2). However, there exist a few investigations about
determination the height order coefficients of nonlinear Schrodinger type equation [4, 6] (see
also [8, 21, 15] etc.). Below in detail considered the problem of determination of the coefficient
of the highest derivative and potential terms in the nonlinear Schrodinger type equation (2).
These problems are typical and contain the theoretical and practical interest. The unknown
coefficients investigated for in the class of measurable and bounded functions. The investigation
of this problem based on the methodology of works [9, 15, 22].

2. STATEMENT OF THE PROBLEM

Let us [ > 0,7 > 0— are given numbers; 0 <z <[, 0<t<T, Q= (0,1)x(0,t), Q=
Qr; L, (0,1)- Lebesgue space of measurable functions on (0,[), which are integrable with de-
gree p > 1; C* ([0, T], B) — Banach space of k& > 0— times continuously differentiable on [0, 7]
functions with values belonging to the Banach space B; W]ﬁ“ (0,1), Wf ™(Q)  are Sobolev
spaces of functions with generalized derivatives of order k > 0— respect to the variable z
and of the order m > 0— respect to variable ¢, which are integrable with degree p > 1;
WL (0,0) = {w cw € Lo (0,1), Cfl’; € Loo O,Z)}- Banach space with indicating properties; the
symbol @ indicates that this property have place for almost all values of a variable. Be-
low, everywhere positive constant, independent of the estimated quantities will denoted by
cj, 7=0,1,2,..

Consider the initial-boundary value problem for the nonlinear Schrodinger type equation:

PG+ g (0@ 5 ) @ vt aliPe=f @0, (@0 )
1/}(‘%0):90(1')7 Z‘E(O,l), (4)

W (0,1) (Lt
0 = o, =0 te(0.T), (5)

where p,a; - are the real valued numbers, ¢ (z), f(z,t) — given complex-valued measurable
functions, satisfied the following conditions:

dp (0) _ de(l)

W2 (0,1 = =0, fewy! 6
ZBS 2 ( ) )7 dr dr ) f 2 ( )7 ( )
Coefﬁcients vo (x),v1 (x) are unknown real-valued functions. Our aim is to identify the function
{vo(z), wvi(x), ¢ (x,t)} from conditions (3) -(5) if additionally given the following boundary
observatlons

w(oat) = Yo (t)v w(lat) =0 (t)7 te (O7T)a (7)

where yo = yo (t), y1 = y1 (t) are given complex-valued functions from Lo (0, 7).
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For the solution of the considering problem, we will apply the regularizing procedure as below
[18] (see also [8-10, 13, 15, 19, 20, 22]). The vector function v = v (z) = (vo (z),v1 (z)), we will
consider for on the set:

V = {’UZ (’Uo,'l}l) TV € Wzl (0,1) ,V1 € LQ(O,Z),O < b() Svo(x) < bl,

dvo(x)

0
<b2,0 <by <wyi(z) <bs,Vxe (0,0)},

where b; > 0,7 = 0,4- given numbers. We will call this set as a set of admissible coefficients.
Consider the variational problem about determination of the vector-function {v (z)} by mini-
mization of the functional:

Ja () = Bo 19 (0,.) = wol 70y + Bi 19 (1) = w1l 0m) + v — vl (8)
on the set V under the conditions (3)-(7), where Sy > 0,51 > 0— given numbers, such that
Bo+ p1 # 0, element w € H = W3 (0,1) x L2 (0,1), is given, a > 0—given number. We must
remark that, in the identification problems with data’s given no exact, than number o > 0—
determined from “residual principle” (see: [18] ) in class of positive numbers. The problem of
determining of the function ) =1 (x,t) = ¢ (z,t;v) from the conditions (3)-(5) for each v € V,
we will call the direct problem. Solution of this problem is the function ¢ = ¢ (z,t) = ¥ (z, t;v)
from the space By = C° ([0,T], W% (0,1)) NC* ([0, T], L2 (0,1)), which satisfies the equation (3)
for any ¢t € [0, 7] and almost all z € (0,1), the conditions (4), (5) satisfies for almost all z € (0,1)
and t € (0,7), respectively. The problem of minimizing of the functional J,(v) on the set V'
under the conditions (3) -(7), we will call the identification problem (8).

The direct problem is the initial-value problem for nonlinear Schrédinger equation. This
problem studied in the works [1-3, 8, 9, 11, 15, 17, 22] etc. From these results, follows that the
direct problem (3)-(5) for each v € V, under shown above conditions has a unique solution in
the space By and for this solution hold a priory estimate

o (.t
1% (s Dllwzon + H i

< cp (HSDHWQ?(OJ) + ”fHWQO’I(Q)> ' ©)

L2(0,0)

3. THE CORRECTNESS OF THE IDENTIFICATION PROBLEM
Theorem 3.1. The identification problem (8) has at least of one solution.

Proof. Take any minimizing sequence {vk} eV:

lim J, (M) = J* = inf J, (v). (10)
k—o0 veV
Let ¢y, =ty (z,t) = ¢ (z,¢;0%) ,k = 1,2, ... . Here element v* for each k belongs to V. Then

from results of [1-3, 8, 9, 11, 15, 17, 22] follows, that the direct problem (3) -(5) for each k has
a unique solution from By and hold the estimate (9):

87;Z)k ('7t)

19n (> O llwz o) + H(‘)t <c,Vte[0,T], k=12, .. (11)

L2(0,0)
where ¢; > 0 denotes the right-hand side of (9) and is independent of k. Since the set V is a
closed, bounded and convex subset of B = WL (0,1) X L (0,1), from the sequence {v*}, we
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can extract a subsequence, which for simplicity is again denoted by {vk}, that v(’)“ — vy (%)
weakly in Lo (0,1),

d;; — ‘3;0 (x) weakly Lo (0,1),
(12)
oF = v1 (%) weakly Lo (0,1), at k — .

In addition, by virtue of the structure of V, it is easy to believe that it is (x)weakly closed
set, so v € V. From the limiting relations and embedding WL (0,1) to the space Lo (0,1), we
obtain that v — vy strongly in Ly (0,1) at k — oo. From estimate (11) is follows that the
sequence {9y, (z,t)} uniformly bounded in the norm By. Then, from this sequence, by using the
equation (3), may be extract a subsequence, which for simplicity is again denoted by {vy (x,t)},
that ¥y, (.,t) — 9 (., t) weakly in W3 (0,1), ngg.,t) — awa(l;’t) weakly in Ls (0,1) for each t € [0, 7
at k — co. Due the compactness of the embedding the space By to C° ([0, 7], W3 (0,1)) (see:
[11], p.214), we have:

Ik () =6 CDllwgop 20 k= oo (13)

uniformly with respect to ¢ € [0,7]. It is clear verify that for every element of the sequence
{tx (z,t)} € By satisfies the identity

o, o

[ZpQWkT(tIvt) + % ('Ug (x) 8"/1198785715)) - U{C (.%') (0 (.%',t)
(14)

+ar [P (@, 1) ¥ (2,1) = f (2,0]7 (r)de =0, k=1,2,..
for Vt € [0,T] and arbitrary function n € Lo (0,1), holds the initial and boundary conditions

Ui (.0)=p (@), VeeOl), k=12, (15)
8'¢k (O,t) B oYy (l,t) o 0 o
S = e =0, Ve (0,1), k=12.. (16)
It is easy to prove the validity of following limit relations:
! l
. 0 0 t) 0 0 t)\
i [ 5 (@ P50 ) aw = [ 5 (ww PE0 ) e
0 0
l l
tim [ of ) e 2,0)7 (@) do = [ 1 (@) (0,00 (0) (18)
0 0
l !
tim [ o ) (o 000 ) de = [ 02, )2 0 (o000 0) d (19)
0 0

for each ¢t € [0, 7] and for any function n € Lo (0,1) at k¥ — co. Thus, by using the limit relations
(17) -(19), if the pass to the limit in the integral identity (14), then from there, we get the
following identity:
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l

I Qath)Jraz( (@%)—vl(w)w(w,t)
0

a9 (2,0)* ¢ (2,t) = f (2,1))7 (x) dz = 0
for each ¢t € [0,7] and for any function n € Ly (0,1). It follows that the limit function ¢ (z,t)
satisfies the equation (3) for each ¢t € [0,7] and for almost allz € (0,/). Using the limiting
relation (13) at t = 0, we get:

|4k (-, 0) _w(wO)HLQ(o,l) —0 k — oo.
Using this relation and make transition to the limit in the inequality.

19 (-,0) = @l py00 < 19 (5 0) = ¥ (4 0) | py0) + 1190k (5 0) — @l 1,000
we obtain that the limit function v (z, t) satisfies the initial condition (4) for almost all z € (0,1).
Finally, we will prove that the limit function 1 (x,t) satisfies the boundary conditions (5). For
functions from space By hold the limit relations:

O (s,-) O (s,.)
%
0x Ox
for s = 0 and s = [. Then, by using this limit relation and boundary conditions (16), after

passing to the limit £ — oo, in the equality:

weakly in Ly (0,7) at k— o0 (20)

T
oY (s,t) t oY (s,t) Oy (s,t) Oy (s,t) _ B
/ = /< o~ ) ()dt+/axn(t)dt, s=0,1,
0 0 0
we found:

oY (s,t) _ B
O/ax G0 dt=0, s=01

for any function 77 = 7 (¢) from Lo (0,7"). From these equalities follows that the limit function
Y (z,t) satisfies the boundary conditions (5) for almost all ¢ € (0,7"). Thus, we have proved that
the limit function 1 (z,t) of sequence {¢ (z,t)} is the solution of direct problem (10) - (12),
corresponding to the limit function v = v (z) belonging to V, that is ¥ = ¢ (x,t) = ¢ (z,t;v).
In addition, the limit function ¢ (z,t) is the transition to the weak limit of a weakly convergent
subsequence {9y (z,t)} to the function v (z,t) for each t € [0, T].

From the compact embedding of By to space C° ([0,1], Lo (0,T)), we have:

[ (2, ) =¥ (2, ) 1,00y = 0
for every x € [0,{] at k — oo. From this fact for x = 0,2 = [ and from the weak lower semi
continuity of the norm in the spaces Ly (0,7") and non-negativity of the numbers Sy, 1, a, we
obtain:

Ji S Ja(v) < lim o (+*) = inf Jo (v) = 5.

It follows that v = v (z) € V and v = v () is a solution of the problem of identification (8).
Theorem 3.1 is proved. O



M.A. MUSAYEVA, S.A. HASHIMOV: IDENTIFICATION PROBLEM FOR NONLINEAR ... 167

Now we introduce the following set of admissible coefficients:

d
Vi = {v = (vo,v1) : vo € W5 (0,1) ,01 € Wy (0,1), 0 <by<wp(x)<b, Uflagz)' < b2y
d2 ~ d 0
Z)l(g)céx) < 03,0 < by < vy (x) < by, Ula(;x) <bs,Vr € (0,0)}, (21)

about minimizing the functional (8) on the set V; under conditions (3) -(5). Let B = W2, (0,1) x
WL (0,1), By = W2 (0,1) x W4 (0,1) and for functions ¢ (), f (z,t) additionally to above shown,
satisfies the following conditions:

d*p of 0,1
L l Wy~ (). 22
T 00, L cwit(@) (22)
In the works [9, 15], the authors have shown that, for each v = v (x) from the set Vi, for

solution of the problem (3) -(5) hold the estimate

9P (.,t) %Y(.,t)
19 G Ollwgon + || 252, o + 175552 10
(23)
of
ex (Welbwgion + gy + |3 yan ey ) ¥ € 011,

Easy verify that Theorem 1 holds also in the set V; for all & > 0. But, examples similarly
from [9, 15] shows that for a = 0, the solution of problem (8) in the sets V and V; is nonunique
and nonstable. However, in the case a > 0 hold.

Theorem 3.2. There exist a dense subset G of space H such that for any w € G and a >
0 identification problem about minimization of the functional (8) in the set Vi has a unique
solution.

Proof. We approve that the functional

Jo (v) = Boll¥(0,.) — onI%Q(o,T) + Bl () - ?ﬂ”i(o,ﬂ (24)
is continuous on the set V;. Let dv € B is increment of a element v € V4 such, that v+ dv € V.
Denote ¢ = d¢ (x,t) = 9 (x,t;v + 0v) — ¥ (x,t;v), where ¢ (z,t;v) is solution of the direct
problem (3) -(5) for v € V;. From conditions (3) -(5) is follows that the function ¢ = d9 (x, t)
is a solution of the following initial-boundary value problem:

i %L + 2 (w0 (@) + 600 (2)) L) — (01 (&) + 61 (2)) 0

(25)
tay (10l + 1) 60 + aripsuss = — & (dv (2) 32 ) + 001 (1), (2,8) €9

0 (x,0) =0, ze€(0,1), (26)

09 (0.8) _ 98t o o). @7)

Ox Ox
where 5 = 15 (z,t) = ¢ (x,t;v + dv). For estimating of the solution of this initial-boundary

value problem, both sides of equation (25) we multiplied by a function v (z,t) and integrate
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the result on the ;. After extracting the resulting equality, with its complex conjugate, by
using the initial condition (26), we have:

Hpéw(wtﬂﬁemi)::2a1jffnﬂiw%(5¢)%dwd7

Qy

2 [ m (=2 (50 )22 010 5] v,

t

Hence, applying the Cauchy-Schwarz inequality, we obtain:

1989 ()12 00y < 2 e f s [9] |59 ddr

(28)
+f‘ <5v0 az) + 60y (a:)w)2dxd7‘+gf 692 dwdr, Vi€ [0,T].

It is well known that, if function ¢ (.,t) € Wi (0,1),vt € [0,7], is not equal to zero at the
endpoints of segment [0, ], then hold the following inequality (see.[11], p.80, remark 2.1):

1 ~
16 (- OIZ, ) + B 1l ooy (20)

L2(0,1)

16 (Dl Loy <

where 8 > 0,3 > 0- are some constants. From this inequality and (23), we get

19 (Do S eas 1Y (D)l 00y < € (30)
If we take into account of these inequalities in (28), then we get:

169 (-, )l Zo00) (2!a1|64+1)fH5¢ 007

(31)
2
—}—f ‘—— <5vg 8:0) + 0vy (x)i/)‘ dxdr, Vte[0,T].
By estimating the left term of this inequality, we have:
0 oY 2
~ o dvg () % + vy (x) ¢ dde < c5 Hw ||W02(0 pdr||ovll, vVt €[0,T7].
Q
Taking into account of this inequality and the inequalities (23), (28), we get:
nw<>hwl<%/mw o+ erllovl, vie 0,71,

Applying the Gronwall lemma to this inequality, we have:

169 (. D)1, 0 < cslldvllf, V€ [0,T]. (32)

We now estimate the 835 Y For this aim we multiply both sides of equation (25) by a function

L (o) = —% ((vo (x) 4 dvg (x)) %f) and integrate the resulting equation on the €, then we
get the following equality:
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J (1258 L (50) = IL QW) = (01 (2) + dur (2)) SL (59)

Q

tar (lusf? + [912) 0L (50) + artbswdL (50)) dadr (33)

_ éf (8@ (51}0 (z) gi) — S (z) zp) L (69)dadr, ¥Vt € [0,T].

By applying integration by parts with respect to x of the left and right hand -sides of this
equation, then from the resulting equality by extracting its complex conjugate, we get:

f,o < () + dvo () }%ﬂ;”f)dxdf

= Qth Im <(v0 (x) + v (z)) (dvéig(f) - d5v1 ) 5w85w) dzdr

~2ay [ Im ((vo (@) + v (2)) & (Iwsl” + [I*) S0 %2 ) dwdr

Q

~2a1 [ Im ((v0 (2) + dvg (2) £ (s0)) S0%L ) dudr
Q
2y thI'm <(v0 () + dug (:c))(wp)( ) )dxdT
(34)
_29{ Im ((vo () + dvg (x)) 2 [ 2 (500( >g¢g) — by (z) 14 %j)dmﬂ vt € [0,T].

If take into account the conditions v + v € V, § (2,0) = 0,z € (0,1), then from the
Cauchy-Schwarz inequality and the inequalities (30), we obtain:

bo 90y (1) / Ha&/’ dr + c10 / |62 dxdr
ox L2(0,]) Lo (0,1)
3 ds 2. 12
+4b1/\(5v0 (z)|? g;ﬁ da:d7'+8bl+/' o g;ﬁ dxdr

t

b, f )d‘*”l

+cg |ai| (2+b1)/ (‘a;;d

t

2 2
1(@)])[54] dedr

% dadr + 4by [ (‘%
Q¢

N o
+ |5 64| dadr, Wt e [0,T], (35)

where cg = b1 (3 lai] ca + |ar] e + 1+ b5), cl0 = b (]al\ 3+ b5). Now, we must estimate the
last addend in right hand side of this inequality. It is known that for arbitrary function ¢ (.,t) €
W 03 (0,1),¥t € [0,T] hold the following inequality (see.[11], pp.79-80):

[eXelly

L2(0,0)

16 ()17 o) < vt € [0,T7, (36)

7 )
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where 8 > 0- is constant. In this inequality, instead of the function ¢ (x,t) take the functions
81[)%(1‘,75) and Bwégx,t)
X X

. Then, from (36) for functions s (z,t), ¢ (x,t), we can write the inequalities:

o (..t 0

wa() H ¥s (- <. (37)
T Lo (0,0) Loo(0,0)

Using the inequalities and taking into account the (23), (30), (35), we have:

o [252

Applying to this 1nequahty the Gronwall lemma, we obtain the estimate:

dr + 1z ||ov||5, Yt € [0,T].
2(0,0)

98¢ (..t
H ox

2
HW’W <cullovl, vie[0,T].

837 L2(07l)
Summing this estimate with (32), we have:

168 (s 8)l[Fa 0 < 15 I80ll5, ¥t € 10,T]. (38)

Now, consider the increment of the functional Jy (v) on any element v € V;. From (24), we
have:

.0 (v) = Jo (v + 8v) — Jo (v) = 26 f Re [(4(0,4) — yo (1)) 5% (0, 1)) dt

260 [ e (6 (0.0) = 1 (656 (10

+B0 164 (0, )17, 0. + B1 169 (1, ) 117,01

From the well-known embedding theorem for the trace of functions from VV21 Q) (see. [11)),
we have:

19 (0, )17 0y + 19 L F 0.0 < 6 180710,y 5 (40)
(0,7) (0,7 5 ()

186 0, 11207y + 186 (1 N 07y < €16 10813 10 (41)

Then, from these inequalities, taking account of (26), (41), we obtain:

19 (0, )17 50,7 + 190 (L) 10,y < et (42)

169 (0, )10,y + 169 (L Mooy < crs 60 (43)

Applying the Cauchy-Schwarz inequality and using (42), (43), as well as the condition yg, y1 €
L2 (0,1), to expiration (39), then we obtain the estimate:

8.0 )] < 1o (1190l 5 + 60113, Vo € .

This implies that the functional Jy (v) is continuous on the set V;. Moreover, Jy (v) > 0,Vv €
V1. The set V7 is a closed, bounded and convex in the space H. A space H as a Hilbert space
is uniformly convex space. Consequently, all the conditions of the theorem from [5, 7] about



M.A. MUSAYEVA, S.A. HASHIMOV: IDENTIFICATION PROBLEM FOR NONLINEAR ... 171

existence and uniqueness of solution of the problem (8) are satisfied. Then, there is exist a dense
subset of G the space H such that for any w € G and a > 0 identification problem (8) has a
unique solution. Theorem 3.2 is proved. U

4. NECESSARY CONDITION FOR THE SOLUTION

Let us the function ® = & (z,¢) is a solution of the following dual problem:

z’PQ%Qt) + ai (Uo (z) ?}i) — o1 (2) D+ 201 [YP @+ a1d?® =0, (z,1) €, (44)
o (2, T) =0, xe(0,), (45)
20 (0,t) . o
T () DT @), re ), w
o0 (I,t) . B
Oz - 200 (l) (¢ (l7t) — U1 (t)) ) te (OvT) ) (47)

where ¢ = 9 (x,t) = 9 (x,t; v)- solution of direct problem (3) -(5) for v € V;. Under solution of
the dual problem (44) -(47), we mean a function ® = @ (z, t) from the space C° (0, T], Wy (0,1)),
which satisfies the identity:

on 0P 01 =
/ |:<—ip2(1) n V) (:L') 7% — V1 (:E) P71 + 2a, |1l}|2 (1)7_]1) + a11112<1>771} dxdt

ot Y 9r
T T

— 25 / (4 (0,£) — o (£))771 (0,1) dt — 26, / (6 (1.1) — 1 (8)) (1, 8) dt (48)
0 0

for any function 11 = my (x,t) from the space VVQI’1 (), satisfied the condition n; (z,0) = 0,z €
(0,1). Follows the technique of reducing the initial-boundary value problem with inhomogeneous
boundary conditions to homogeneous in [11], in the works [9, 15] proved that, if the functions
¢ (z), f (z,t) satisfies conditions (6), (25) and yo,y1 € W3 (0,T), when the dual problem (44)
-(47) for each v € V; has a unique solution in the space C° ([0, 7], W3 (0,1)) and for this solution
hold the estimate

| ('7t)HW21(0,l) < c20 (Hw (0,.) = y0||W21(0,T) +llv(,.) - yl”wg(o,T)) , Vte[0,T]. (49)

Now, we consider the increment of the functional J, (v) on the set V. Using the (8) and (39),
we have

T
§Jo (V) = Jo (4 6v) — Jy (v) = Qﬁo/Re (¢ (0,8) — yo (t)) 04 (0, )] dt
0

126, Z“Re [ (1) — 1 (1)) 690 (1, 8)] e

+60 169 (0, )T 50y + B1 169 (1, )12, 0.1
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+2a / [(vo () — wo (x)) o (x) + (d”flf) = dw;f)) d‘“g’x(@]dx
0

l
d?>vo (2)  dPwo (z)\ d%6vg (z)
2 — d
+a/[< dxz da? ) dx? ]$
0
l

+2a/ [(vl (z) —wi (z)) 6oy (x) + (dv;ix) — dw;i:c)) d&:llx(x)] dr + « HévH%{ , (50)
0

where dv € B = W2 (0,1) x WL (0,1)- increment of the element v = v (z) from the set V] such
that v + dv € Vq, and the function §v¢p = 69 (x,t) = ¢ (x, t;v + Jv) — ¢ (x,t;v) is a solution of
the initial-boundary value problem (25) -(27). We transform the sum of the first two terms on
the right side of (50). For this aim, we proof that the following equality is holds:

ZBo/Re ¥ (0,1) — yo (t)) 5% (0, t)]dt+2ﬁ1/Re Y (L) —y1 (¢) 09 (1, 0)]dt

_ / [Re <8¢e§§ﬂ 0P ({g;”) 5uo () + Re (4 (x,£) & (. 1)) Svy (m)] dedt + Ry (5v), (51)
Q

where the residual term R; (0v) determined by the formula:

Ry (6v) = — / [Re <65¢8§”’t) 8(I>8(;”’t>> Suo (x) + Re (60 (,t) ® (. 1)) 60, (m)] dudt
Q

+ / [Re <2a1 y&pﬁwé) + Re ((w)%é) + Re <a1 & 5@)} dzdt. (52)
Q
Indeed, from the fact that the solution of the direct problem belongs to B for solution of

initial boundary value problem (25) -(27), we can write the following integral identity:

[ (102252 + £ (v () + 6un (2) B2 ) = (01 (2) + 601 () 8
Q
ar ([s]” + [617) 69 + + a1su9) fdedt

= 754 <% <5vo () %) — vy () ¢> 7 (x,t)dzdt

for any function n = n (z,t) from Ly (). In this integral identity instead of n (z,t) from Ly ()
take the function ® (z,t) from C° ([0, T], W4 (0, l)) Then, using integration by parts in the first
term on the right side, in the second term on the left side, we have:

g{ (z’ang—f’ ® — (vo (x) + dvo () LL2E _ (v (z) + dvy (x)) Sy

ar (05 + [0) 60 + arips0d) dadt
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— / <5vo (2) 5 +0v () ¢<f>>dxdt- (53)
Q

Now, in the integral identity (48) instead of n; (z,t) from the space VVQ1 1 (Q) take the function
0 (z,t) from space By. Then, by extracting from (53), complex conjugation of the resulting
equation, we get:

T T

2/30/(1# (0,t) — o (1)) 69 (07t)dt+2[31/(w (1,t) — 1 (1)) 69 (1, t)dt
0 0
+/ <5U0 (v) ?ﬁgi + vy (z) w<1>> dxdt
Q

_ / <_5UO (2) %‘?g‘f by (2) &pé) dudt
Q

+ / (alwm(wcﬁ —ar (9)? (w@) dwdt + / <a1 s 59 ® — ay ) 51/@) dedt.  (54)
Q Q
If we use here the equalities: [¢5]* 60® — [¢|? 0P = |69|* Y® + (64) YD + |6¢|* 54,

—= o\ 2 o= = 2
Vs 8P® — ()0 = (v)° 59 + [0y P — () 5vD
and summing the resulting equality with its complex conjugate, we have:

T

T
260 / Re [( (0,1) — yo (1)) 6 (0, )] dt + 26, / Re [(4 (1) — y1 (£)) 0 (1, 8)] dt
0

0

__ / [Re (Wa(jt) 02 g;""t)> 5uo () + Re (i (,1) ® (2, 1)) Soy (@} dedt
Q

+ [ Re (6¢ (z,t) @ (z,t)) dvy (2) dedt+
Q

+ [ [Re (201 502 68) + Re ((5)2 9@ + Re (a1 |00[> 6y ) | dodt.
Q
Taking into account the notation R; (dv), we obtain proof of the equality (51).

Theorem 4.1. Under the above shown conditions, for the first variation of the functional J,, (v)
hold the following expression:

) = - [ [Re <6w§§’” ”gjj’”) wo () + Re (1 (2.1) ® (2, 1)) wy <x>] dadt
Q

» /l [(UO ) — e () (1) = (dv; ;m) B dwg ;x)) dw;) x(:r)}dx
0
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dxz? dx? dxz?

o /l (L) P Pne),,
0

12 /l [(m (z) — wy () wy (z) + <d“;f) - d“’;ﬂf“) dw;f)]dx, (55)
0

where 1 = (x,t) = (x,t;v)- is solution of direct problem (3)-(7), ® = ® (x,t) = D (x,t;v)-is
solution of the dual problem (44) -(47) for v € V1.

Proof. By using the (50) and (51), the increment of the functional J,, (v) on the element v € Vi,
can be represented as:

AJ, (v) = —/ [Re (awa(i’t) 8@5?15)) dvg (z) + Re (w (z,t) @ (a:,t)) vy (:(:)] dxdt
Q

+2a /l [(UO () — wo () dvo () + (d”flf) = d“gf)) dd?x(x)]dx
0

o O/Z { (d%o (&) P (1:)) 25, (:c)] .

dxz? dx? dz?
l
120 / [(vl (z) — wi (2)) 6v1 (z) + <d“;f”) - d‘*’;ﬁ) d&zilx(m)]dx Y R(6V),  (56)
0

where R (dv) determined by the formula:

R (8v) = Ry (6v) + Bo |69 (0, )17, 0.7y + B1 169 (1 )70,y + e ll0v]l (57)
and Ry (6v) is in (52). For estimating of R (dv), we used (52) and (57):

a[dolf + R (60)] < Bo 189 (0, )17, 0.7) + B 8¢ (1 7401y

(\a‘“"H "51)0 )+ 1061 [§on (2 >|)dwdt

+3ar| [ 150 (0] @ dodt + far] [ |50f" o] dodt (%)
Q Q
If we take ¢ (z,t) = 0 (x,t) in (32), then from (58), we can obtain the following estimate:

16917 () < e l60ll% - (59)

Consequently, in the view of this estimate and estimates (26), (41), (49), (59), as well as, in
conditions yo,y1 € W4 (0,T) from (58) follows the validity of the inequality:

R (6v)] < can [[60]; - (60)
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The means of this estimate that the residual term R (dv) is an infinitesimal of higher order
with respect to ||dv|| 5. Therefore, the first variation of the functional J, (v) is in the form (55).
Theorem 4.1 is proved. O

Theorem 4.2. Under the above shown conditions for the solution of the problem (8) hold the
necessary condition in form of the following variational inequality

dJo(v*, v —1") >0, (61)

where the expression of the 0J,(v*, v —v*) shown in (55)

Proof. Necessary conditions for the solutions of extremely problems type (8) in the form of a
variational inequality was studied in [19,20], see also [9,15]. Denote by

= * 2o (VF) = Jax = inf J,
Vi {v eV dy (v*) =J 1)1é1vlJ (v)}

the set of solutions in the set V of the identification problem (8). It is easy analogically [19, 20]
to proof, that under the above shown conditions, the first variation of the functional J,(v) is
continuously in the set v* € Vj* C Vi. Then as shown in [20], satisfies all conditions for holding a
necessary condition in the form variation inequality (61) for the solution of identification problem
(8). Theorem 4.2 is proved. O

5. CONCLUSION

Studying above the identification problem developed the methodology of the works [8, 9,
15, 22]. In (8), we of the considered the problem about determination of several coefficients,
especially the higher derivatives of a nonlinear Schrédinger type equation and obtained results
are more general, then in previous works. Everywhere instead of equations (2) or (3), one can
take a general Schrodinger type equation [11, 12, 14], here the results have the same formulation
above getting for problem (8).

For solving the inverse problems applied the regularization method, which have an optimiza-
tion or iterative nature [10-14, 18-20]. In well-known software packages for solution of the
problems, such as Maple, Matlab, Ansys, Matcad and others, in addition to optimization and
differential equations blocks, is recommended used of visualization result, which makes their
application more attractively. Nonlinearity, discontinuity of the coefficients of the main equa-
tion and instability of the solution of the considering inverse problems are the main reasons for
their complexity, slowdown of the computational procedure and decrease in the accuracy of the
results.
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