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OFWA OPERATORS AS A COMPUTATIONAL MECHANISM TO
AGGREGATE VARIABLES

R.G. ARAGON"*, J. MEDINA!, S. MOLINA-RUIZ'

ABSTRACT. Modeling scientific and engineering problems requires the aggregation of variables.
Ordered Functional Weighted Averaging (OFWA) operators were introduced to provide greater
flexibility and versatility on a wide range of scenarios, allowing multiple criteria to be taken
into account across different values, than other existing aggregation operators. Although the
whole set of OFWA operators forms a complete lattice with the usual pointwise ordering, its
complexity does not allow a trivial mechanism to compare them. This paper studies how greater
or lesser OFWA operators can be obtained and we shows that significant well-known operators,
such as the Choquet integral, are particular cases of the OFWA operator.
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1. INTRODUCTION

Information aggregation has become increasingly vital in today’s data-driven society for ex-
tracting reliable knowledge and supporting informed decisions [15, 17, 25, 26]. Many systems
rely on many individual sources to gather local information and operators to obtain a global an-
swer from these variables that is relevant to the environment. However, many classical operators
within aggregation theory lack versatility, as they typically apply a single aggregation criterion
regardless of the setting [28, 32, 33]. This limitation makes them unsuitable for scenarios where
the weights of criteria should adapt dynamically depending on the inputs. In this paper, we fo-
cus on Ordered Functional Weighted Averaging (OFWA, for short) operators, introduced in [19],
which provide precisely this kind of versatility.

One crucial task within aggregation theory is selecting the most appropriate operator for
a specific practical application among the existing operators [1, 13, 14, 20, 27]. A central
aspect of this research is the pointwise comparison of operators, particularly within the family of
OFWA operators. This comparison naturally leads to computing their supremum and infimum,
which are again OFWA operators due to their complete lattice structure [5]. Moreover, the
results presented in this paper provide constructive methods for modifying the weights of OFWA
operators, thereby defining new operators that yield higher or lower outputs in specified regions.
This approach enables the customization of the aggregation process to align with the specific
requirements of the user.

A wide variety of aggregation operators have been introduced within information aggregation
theory for addressing very different scenarios [8, 31], making the choice far from straightforward.
Given the considerable diversity of operators, it is essential to compare any new operator with
existing ones, acknowledging their advantages and shortcomings. We will employ a section of

University of Cédiz, C4diz, Spain
e-mail: jesus.medina@uca.es, samuel.molina@uca.es
*Corresponding author: roberto.aragon@Quca.es
Manuscript received January 2026.
343



344 TWMS J. PURE APPL. MATH. V.17, N.2, 2026

this work to carry out precisely this task and compare the notion of OFWA operators to some
of the existing families of aggregation operators, showing that some well-known operators are
particular cases of OFWA operators.

This paper starts with the necessary preliminaries to understand and motivate the definition of
OFWA operators. In Section 3, we introduce criteria to compare two OFWA operators pointwise
in a subset of the unit interval. Section 4 introduces a practical example of a photovoltaic
facility [3, 4] and how the weights can be modified in order to obtain higher or lower outputs
using the results introduced previously. Lastly, in Section 5 we consider different well-known
operators within aggregation theory, including the Choquet integral [11], and show that they
are particular instances of OFWA operators.

2. PRELIMINARIES

This section will serve as a brief introduction to the notions needed to understand this work,
starting with the definition of OWA operators introduced in [32].

Definition 2.1. Let W = (wy,...,wy,) be a list of weights such that w; € [0,1], for all i €
{1,...,n}, and 3_7 ; w; = 1. An (n)-ary ordered weighted averaging (OWA) operator associated
with W is a function Fy : [0,1]" — [0,1] defined as:

n
Fy(ai,...,a,) = Z Wi p(5)
=1

for all (a1, ...,an) € [0,1]", where p : {1,...,n} — {1,...,n} is a permutation on the index set
satisfying that apmy < ... < ap)-

This class of operators possesses several important properties. For instance, they are isotone
operators and satisfy some boundary conditions, i.e., they are aggregation operators. OWA
operators have also proven useful in many practical applications [9, 18, 30, 32]. However, these
operators use only one criterion to aggregate all the variables, which can be undesirable in
certain situations, as next example shows.

Example 2.1. Consider a series of temperature sensors that need to be aggregated in order
to obtain a global value for the system. Some experimental testing shows that these sensors are
more reliable in higher temperatures, so we may give higher weights to those outputting higher
values. Assume, for instance, that the values are aggregated using the OWA operator defined

by the weights
3 3 2 2 1 1
W_(12’ 212 120 12 12>

Now, take the following two lists of values to be aggregated:

a = (0.8,0.7,0.7,0.7,0.6,0.5),
b=(0.8,0.3,0.3,0.3,0.2,0.2).

We can clearly see that the values of (a) are all around 0.7, with some variation on the data, so
the aggregated value should lie near 0.7. Indeed,

6
Fw(a> = Zwiap(i) =0.7.
=1

However, in the second list, the values all lies between 0.2 and 0.3 except the greatest, which
differs greatly from the rest. The aggregated value using the OWA operator is

6
Fw(b) = Zwibp(i) ~ 0.4.
i=1
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The heavy weight on the greatest value makes the resulting output higher than expected. In
this scenario, using the same criteria via the weights (W) is undesirable since the input values
may indicate signs of malfunction. In this scenario, a more appropriate list of weights for the

aggregation is
32211
Wi=10,-,-,=,~,= .
( ’9’9’9’9’9)
The resulting output using the OWA operator associated with this list of weights is

6
FW/(b) = Zw;bp(l) ~ 0.28
i=1
which aligns better with our expectations.

OWA operators are defined using only one list of weights, aggregating the variables according
to one criterion. Certain scenarios require multiple criteria to be considered depending on the
input values. In order to solve this, OFWA operators were introduced in [19] as a generalization
of OWA operators by allowing the weights to change.

Definition 2.2. Let Q = (w1, ...,wy) be a list of functional weights such that w;: [0,1]" — [0, 1]
n

and Y wi(ar,...,a,) =1, for all (a1,...,a,) € [0,1]". An n-ary ordered functional weighted
i=1

averaging (OFWA) operator associated with € is a function F q : [0,1]" — [0,1] defined as:

n
Fﬂ(ala . '7an) = Zwi(ala ... 7an)a’p(i)7
=1

where p: {1,...,n} — {1,...,n} is a permutation on the indexr set satisfying that a,) < --- <
Ap(1)-

OFWA operators also satisfy the same boundary conditions as OWA operators but they
are not necessarily increasing. Sufficient conditions for ensuring monotonicity were introduced
in [19]. The next example will introduce a particular class of OFWA operators based on the
exponential function.

Example 2.2. Given k, s1,...,s, € RT positive numbers and my, ..., m, € [0,1] such that
mp, < --- < my, we can define the weights w;: [0,1]" — [0, 1] as

1 o mi e—k(al)sl...(an)sn
wz(a17-"7an)_ F(al,”-,an) )
where T'(a1,...,a,) = n — (mq + --- + my,) e k@) @)™ for all (ay,...,a,) € [0,1]*. The
associated OFWA operator F o : [0,1]" — [0,1], with €, = (w1,...,wy), is increasing, see [19,

Theorem 28] for more details.

In addition to satisfying the boundary conditions, OFWA operators are also bounded, that
is, they lie between the minimum and maximum operator. Recently, the authors of [12] proved
the converse, that every bounded operator can be represented as an OFWA operator.

Theorem 2.1. Let f:[0,1]" — [0,1] be an n-ary operator satisfying that
min{a,...,an} < f(ai,...,an) < max{ai,...,an}
forall(ai,...,ay,) € [0,1]". Then, there is a list of weights 1y = (w{, . ,wg) such that Fo, = f.

A particular consequence to the theorem above is that every idempotent aggregation function
is an OFWA. Indeed, if f :[0,1]" — [0, 1] is idempotent and increasing, then

QAp(n) = f(a‘p(n)a s 7ap(n)) < f(a‘lv s 7an) < f(ap(l)v s 7ap(1)) = Qp(1)
for all (ai,...,an) € [0,1]™.
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3. CoOMPARING OFWA OPERATORS

Many scenarios require users to select an aggregation operator from a given family of options,
either to determine the most suitable one for the situation or to construct a new one based on
specific conditions. This naturally leads to the question of which aggregation operators can be
compared. In this section, we introduce three sufficient conditions on the weights that establish
when an OFWA operator is greater than or equal to another. All the results presented will
apply to a subset of the Cartesian Product [0, 1]™, which can be interpreted pointwise or across
the entire domain, so we will use the following notation. Given a mapping f : [0,1]" — [0, 1]
and a subset A C [0,1]", the restriction of f to A is the mapping fja: A — [0,1] defined as
fla(@) = f(a), for all a € A. The first result is stated in the following proposition and it
compares the OFWA operators by the sum of their weights.

Proposition 3.1. Given two lists of functional weights Q = (w1, ..., wy) and Q' = (w],...,wh),
the associated OF WA operators Fqo and For and a subset A C [0, 1]", if the weights satisfy that

m m
Zwi(al, ceap) < Zw;(al, ceyap)
i=1 i=1

forallm e {1,...,n—1} and (a1,...,a,) € A, then (Fq)ja < (Fo/)ja-

Proof. We will consider an element ay,...,a, € [0,1]" and we will denote a; = wj(a,...,ay)
and o) = wl(a1,...,an). Moreover, to simplify the notation with respect to the permutations,
we will assume, without loss of generality, that a;4+1 < a;, for all i € {1,...,n — 1}. First of all,
given m € {1,...,n — 1}, we have that
m m m m
D= ai)am < (D= ai)am
i=1 i=1 i=1 i=1

m—1 m—1
= Um0y, — Ao + (D &= > i) am, (1)
=1 =1

where in the inequality we have used the hypothesis and that a;,+1 < a,,. Note that, when
m = 1, the last term in the expression is just aja} — ajaq.
Now, we will focus on proving the inequality Fo(ai,...,a,) < For(ai,...,ap):

n
E aa; = oqa1 + -+ ap_10p—1 + apay
=1

n—1 n—1
© aral + -+ ap_1ap-1 + (Oé;l + Zag - Z ai)an
i=1 i=1

(5)

/
< ara1+ -t ap_1ap_1 + 0 _10p—1 — Qp_10n—1

n—2 n—2
/ /
+ ( E oy — g ai)an—l + o, an
=1 =1
n—2 n—2
_ / / /
=oal + -+ ap_92ap_9 + ( E oy — E Oéi)anﬂ + o _1Gn—1 + @y an,
=1 =1

n n
where () is given by the equalities ) af =1 = )" «;, and (*x) holds by Eqn. (1) and reordering
i=1 i=1
the terms. Therefore, applying sequentially Eqn. (1) we finally obtain the inequality:
alal + -+ op—1ap-1 + apan < o/lal +--+ a%,lanq + a%an.
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The previous result turns into a characterization when dealing with OWA operators:

Proposition 3.2. Given two lists of weights W = (w1,...,wy,) and W' = (w,...,w}) and the
associated OWA operators Fy and Fyy:, then the weights satisfy

forallm e {1,...,n— 1} if and only if Fyy < Fy.

Proof. The sufficient condition is proven by the same result for OFWA operators (Proposi-
tion 3.1). Now, assume Fyy < Fys and let m € {1,...,n—1}. If we define a,, = (am1,-- -, Gmn)
as

for all i € {1,...,n}, then

O

The previous result suggests that we can compare OWA operators by only checking their
values at n — 1 points, namely the points (ai,...,a,) defined in the proof above.

A simple way to verify the condition of the previous result is comparing the weights one by
one, as stated in the following proposition.
Proposition 3.3. Given two lists of functional weights Q = (w1, ..., wy) and Q' = (w],...,w)),
the associated OF WA operators Fq and Fo and a subset A C [0,1]", if for everya = ay,...,a,) €
A there exist a ko € {1,...,n — 1} such that

o wiay,...,ay) <wl(ai,...,ay), forall i€l,... k,
o wiay,...,ay) > wi(ay,...,an), forall i€k, +1,....n

then (FQ)\A < (FQ’)\A

Proof. Let a = (ay,...,a,) € A and the corresponding index k € {1,...,n — 1}. We will show
that, for every m € {1,...,n—1}, the OFWA operators satisfy the hypothesis of Proposition 3.1.

If m € {1,...,ka}, the hypothesis state that wi(ai,...,a,) < wi(ai,...,a,), for all i €
{1,...,m}. Therefore,

m m
Zwi(al, ceyap) < ng(al, ey Gp).
i=1 i=1
However, if m € {ka+1,...,n— 1}, then we have that w;(a1,...,an) > wi(a1,...,ay), for all

i€ {m,...,n— 1}, by the hypothesis, and thus

n n
Zwi(a’b . 'aan) > ng(ala .- '7an)‘
i=m i=m
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n n
Since > wi(ai,...,an) =1= > wi(a1,...,an), we obtain that
i=1 i=1

n

m n
Zwi(al,...,an) = Zwi(al,...,an) - Z wi(a, ..., ap)
i=1 i=1

i=m+1
n n
:ng(al,...,an)— Z wi(ay,...,an)
i=1 i=m+1
n n
Szw:j(ala”wan)_ Z W;(al,...,an)
i=1 i=m+1

m
= ng(al, ceyQp).
i=1

Therefore, we are under the hypothesis of Proposition 3.1, since the choice of a € A was arbitrary.
Consequently, we can conclude that (Fo)ja < (For)ja- O

Remark 3.1. The previous result can be used to show that in dimension (2), comparing OFWA
is equivalent to comparing their first weight: Given = (w1, w2) and Q' = (w],w}), if w1 < W)
thenwyg =1—w; >1— wi = w’Q, and via Proposition 3.3 we conclude that Fo < Fg/. Moreover,
whenever the weights are constant 2-ary OWA operators, the greater operator will be whichever
has the greater first weight. Therefore, the set of 2-ary OWA operators are all comparable, that
is, it is a chain where the top element is the maximum operator and the bottom element is the
minimum operator. This fact also appears in [5].

The proof of Proposition 3.3 uses Proposition 3.1, thus the latter implies the former. Regard-
ing 2-ary OFWA operators, the two conditions are equivalent.

Corollary 3.1. Let Fq and Fo/ be two 2-ary OFWA operators and A C [0,1]? be a subset. The
operators satisfy the condition of Proposition 3.1 in A if and only if they satisfy the condition
of Proposition 3.8 in A.

However, when dealing with n-ary OFWA operators, with n > 2, there is no equivalence, as
the next example illustrates.
Example 3.1. Let W = (0.6,0.1,0.3), W/ = (0.7,0.3,0.0) be two lists of weights and Fyy, Fy-
the associated OWA operators. It is easy to check that the operators satisfy the condition of
Proposition 3.1, thus we have Fyr < Fyyr, but they do not satisfy the condition of Proposition 3.3.
This example can be adjusted to show that the conditions are not equivalent for any arity greater
than 2.

In [19, Theorem 22|, the authors state a sufficient condition for the monotonicity of OFWA
operators based on ratio-increasing operators. A similar condition can be stated to compare
OFWA operators, which we will define as follows.

Definition 3.1. Given two lists of functional weights Q = (w1,...,wy) and ' = (w],...,w)),
the associated OF WA operators Fq and For and a subset A C [0,1]", we say that Fqy is in ratios
greater than Fq in A if

wi(ay,... ,an)wgﬂ(al, consapn) <wi(a, ... an)wiri(a, ..., ap)

forallie{l,...,n—1} and (ay,...,a,) € A.

The next result shows that the previous condition is sufficient to guarantee that Fg is greater
than Fgq.
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Theorem 3.1. Given two lists of functional weights Q = (w1,...,wy) and ' = (W],...,w)),

the associated OF WA operators Fo and For and a subset A C [0,1]", if Fq is in ratios greater
than Fq in A, then (Fo)ja < (For)ja-

Proof. Given a = (ai,...,a,) € A, define o; = w;(ay,...,a,) and o = wi(ay,...,ay), for all
ie{l,...,n}. We will start assuming that o; < o, for all i € {1,...,n}. Since the weights all
add up to 1, we have that

n n
1:Zai§2a§:1.
i=1 i=1

Thus, a; must be equal to o, for all i € {1,...,n}, and so (Fo)ja < (For)ja trivially.
If aq > of, since Fgy is in ratios greater than Fy,

a0l < anal).

Therefore, we must have s > . Repeating sequentially this process, we obtain a; > o, for all
i €{1,...,n}. Following a similar argument to before, we obtain o; = o, for all i € {1,...,n},
and we have (Fq)ja < (For)a-

Otherwise, there exists ko € {1,...,n — 1}, such that oy < o, for all ¢ € {1,...,ka}, and
Qat1 > O‘;ca 41+ Furthermore, since Fg is in ratios greater than Fg, we obtain that

/ /
Qa+1 aka+2 S aka+2aka+1

Therefore, we must have ay, 12 > o), ». Applying sequentially this process, we obtain a; > af,
for all i € {ka + 1,...,n}. Hence, we are under the assumptions of Proposition 3.3 and we
conclude that (Fo)ja < (For)ja- O

The condition stated in Theorem 3.1 implies the one in Proposition 3.3, since this one is used in
its proof. However, in dimension 2 they are equivalent. If w; < w}, then wy = 1—w; > 1—w] = W}
and thus

wiwh < waw.

This does not happen in general, as the next example illustrates.

Example 3.2. We will consider the simplest case of OFWA operator, where the weights are
constant, that is, an OWA operator. Let W = (0.6,0.1,0.3), W' = (0.7,0.3,0.0) be the two
lists of constant weights of Example 3.1, and Fy, Fyy be their associated OWA operators. The
weights satisfy the conditions of Proposition 3.3 for k = 2 since

0.6 <0.7 01<0.3 0.3>0.0.
Thus, Fyw < Fy. However, Fy/ is in ratio not greater than Fyy since
0.6-0.3=0.18 >0.1-0.7=0.07

Even though both Proposition 3.1 and Proposition 3.3 are more general results than Theo-
rem 3.1, this one is the easiest to verify in one common scenario. Some OFWA operators, such
as the ones presented in Example 3.2, are defined by normalizing positive functions: Fiven a list
of functions © = (64, ...,0,), where 6;: [0,1]" — (0,00), for all i € {1,...,n}, we can define the
list of weights Q = (w1,...,wy) as

91'(0,1, e 7an)

Z Gj(al,. . .,an)
7j=1

wi(ay,...,ap) =

for all i € {1,...,n} and (a1,...,a,) € [0,1]". These weights trivially add up to 1 and thus
Fq is an OFWA operator. Given two lists of such positive functions, © = (6y,...,6,) and
© = (0],...,0],), it can result challenging to compare their associated weights, Q = (w1, ..., wy)
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and Q' = (w],...,w)), or their sums to invoke Proposition 3.1 or Proposition 3.3. On the other
hand, the condition in Definition 3.1 in this instance is

Oi(@)  bia(d) _ i(a)  6ia(a)

S0 o) o) 6@
7=1 7=1 7j=1

for all a € [0, 1]". Since the denominators are the same, the condition can be simplified to

0i(a) - 07,1 (a) < Oi(a) - Oi1(a).
Therefore, in this scenario, it is more straightforward to verify the conditions of Theorem 3.1
than the previous ones. The next result illustrates this fact for the OFWA operators from
Example 2.2.

Proposition 3.4. Let k, k', s,r, 8,7 € RY be positive numbers and my, ma, m}, m} € [0,1] such

that
(1) ma<mqp and mh<m]
(2) mimj < m2m1
(3) my —mg > mf —mb.
4) k<K, s <sand v <r
The OFWA operators Fq, Fo : [0,1]2 — [0,1] defined by the weights
1 —my e k@) (a2)" 1 — my e Fla1)*(a2)”
wi(al,az) = ay, a3) wa(ar,az) = T'(a1, as)
1 — ! oK (@) (az)” 1—m! ek (@) (a2)”
! _ 1 / _ 2
wia1, a2) = (a1, az) wlar, az) T (ay, az) ’

where T(a1,a9) = 2 — (my +my) e @) 4nd TV (a1, ag) = 2 — (m), + mfy)e (@) a2y for
all (a1, a2) € [0,1]2, satisfy that Fo < Fqr in [0,1]2.
Proof. We will prove that Fq < Fg by checking that Fg is in ratios greater than Fq in all
[0, 1], that is,

wi(ay, ag)wa(ar, az) < walar, az)wi(ar,az).
Let (a1,az) € [0,1]2. Since the denominator in both terms is I'(a1, az) - I'(a1, az), the previous
expression is equivalent to

(1—m 6_k(a1)s(a2)r) (1 —mj e~ F(a1)* (a2)” ) < (1—mo e_k(al)s(”y) (1—m) e~k (@1)* (a2)" ).

Some simple calculations lead us to the following;:

(m1 —ma) KO0 (o — ) e o 02

+ (mam, — mymb) e Fa1)*(@2)" o=k (@) (@2)” > ¢ (2)
We will divide the previous expression in two terms. The second one,

(mam — myml)e k@) (@) o=k (@)” (a2)"
is positive since the exponential function is positive and hypothesis 2. As for the first one,
hypothesis 4 implies that eHka1)*(a2)" > o—k'(a1)” (a2)" . Therefore, using hypothesis 1, we obtain
(m1 — ma) e~ M) (e2)" (m} —my) e (o) ()" > (m1 —ma) e H (@) (a2)"

—K(a1)* (a2)"’ —K(a1)* ()"

—(my —mb) e = (m1 —my —m] +mjh) e

Applying hypothesis 3 and noting that the exponential function is positive, this term is also

positive and hence Inequality (2) is true. Since Fgy is in ratios greater than Fg, Theorem 3.1
implies that Fq < Fo in [0,1]2. O
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In the following, we provide an illustrative example of Proposition 3.4.
Example 3.3. Consider the OFWA operators Fo, Foy : [0,1]? — [0, 1] defined by the weights

1—0.9 e=5(@)(a2)" 1 0.2 e—5la)(az)*
il a2) = 5 T T e w2(a1,02) = 5T T

1 — (.3 ¢—10(a1)?(a2)’! 1
w:’[(a’lan) = Wé(al,CLQ) e

2 — 0.3 e~ 10(a1)(a2)! 2 — 0.3 e~10(a1)*(az)"

We are under the hypotheses of Proposition 3.4 with
mp = 0.9, mg = 0.2, k=25, s =4, r =10,
m) = 0.3, méh = 0.0, K =10, s’ =3, =1,
since 0 = mym/, < momj = 0.06, 0.7 =m; —mg >mj —mhH =03,k <k, s <sandr <r.

Therefore, we conclude that F < Fg in [0, 1]2. Indeed, Figure 1, where we represent the OFWA
operators from two different perspectives, clearly shows this fact.

Figure 1. The graph of Fy (orange) together with the graph of Fo/ (blue) in two different perspectives.

Furthermore, Proposition 3.4 can be generalized to arbitrary dimension, as the next result
states.

Proposition 3.5. Let k, k' s1,...,50,5),...,5,, € RT be positive numbers and
M1y .oy My, My, ...,mh €[0,1] such that

(1) m; >mipr and mj>mi,, forall ie{l,...,n—1}.

(2) mimj <mgmy,  forall ie{l,...,n—1}.

(3) mi —mip1 >m; —mj , forall i€{l,...,n—1}.

(4) k<K, and s, <s;, forall ie{l,...,n}.

The OFWA operators Fq, Fqr: [0,1]™ — [0, 1] defined by the weights

1— my; e k@) 1(an)n

wi(ah---,an)_ P(al,..-7an) 7
1—m! e—k’(al)sll"'(“")Sl"
, _ 7
wz(ah---,an)* IM(ay,...,an) 7
where T'(ay,...,an) =n—(mi+---+my) e—k(al)sl'"(an)sn) and I'(ax,...,an) =n—(my+---+

m.,) e—k'(a1)sll~..(an)s/") foralli e {1,...,n} and (a1,...,a,) € [0,1]", satisfy that
Fo < Fo in [0,1]".

Proof. The proof follows analogously to Proposition 3.4.
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4. A PRACTICAL EXAMPLE

This section will introduce an example illustrating how OFWA operators work and how the
different results of this paper can be used in a practical environment to modify an OFWA
operator according to external information. The example is based on the problem considered
in [4] and follows the one presented in [5].

A photovoltaic installation consists of 7 inverters I1 through I7, each generating a value within
[0, 1] that represents its performance at any given moment. To obtain the overall output of the
installation, the individual values are aggregated, making use of an OFWA operators in the
following way. The two highest and two lowest values are discarded and the average of the
remaining three is calculated. However, the inverters Ig and Iy are very reliable when they
output low values. Therefore, whenever both their outputs are below 0.4, we do not exclude the
lower values and average the remaining. Moreover, the inverters Iy and Iy are accurate with
high values. Consequently, the higher values will not be omitted when their outputs are above
0.7. The resulting operator will be the OFWA operator F associated with the list of weights
Q = (w1, wo, w3, wy, ws, we, wy) defined as

;

1/7 ifae€ A
1/5 if a € Ay
wi(a) = wal(a
1( ) 2( ) 0 ifaGAg
0 ifa€A4
(1/7 ifae A
1/5 ifa € As
w3(a) = wala) = ws(a
3( ) 4( ) 5( ) 1/5 ifa € Ag
[1/3 ifae Ay
1/7 ifae A
0 ifae A
we(a) = wr(a) o
1/5 ifa € Ag
0 ifa € Ay

Ay =10.7,1)* x [0,1] x [0,0.4]*

Ay =[0.7,1]* x [0,1]® x (0.4, 1]?

Az =[0,0.7)% x [0,1]® x [0,0.4]? Ay =1[0,0.7)2 % [0,1)® x (0.4,1]?
(1/7 if a € A (1/7 if ae A
1/5 if ae Ay 1/5 if a€ Ay
wi(a) = wy(a) = wh(a) = wi(a) =
T if € As (@) =@al@) =1 o5 if ae As
0 if ae€ Ay 1/3 if a€ Ay
1/7 if a€ A (1/7 if ae A4
1/5 ifacA 0 if ae A
= 2 e d ) @ = Tee
0.20 if a€ Az 0.15 if a € Ag
1/3 if a€ Ay 0 if a € Ay,
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where
(1/7 if ae A (1/7 if a€ A4
0.10 ifac A 025 ifac A
wl(a) = S Wha) = L
0 if a€ As 0 if a€ As
0 if a€ Ay 0 if a € Ay
(1/7 if ae 4 (1/7 ifae A
0.15 ifac A 025 iface A
wh(a) = R wi(a) = L
0.25 if a€ Ag 0.25 if a € A3
1/3 if ae€ Ay (1/3 ifac Ay
1/7 if a€ A (1/7 if ae 4
025 ifacA 0 if ac A
wl(a) = S wi(a) = w(a) = S
0.20 if a € As 0.15 if a€ Ag
\1/3 if ae Ay 0 if a€ Ay.

Figure 2 showcases a visual representation of the weights of Fo and Fo on Az. From the
definition, w}(a) = w;(a), for all i € {1,...,7} and a € A; U Ay U A4. When a € Ag, we obtain
that

wi(a) < W (a),

ws(a) < wg(a),

wa(a) < wy(a),
we(a) > wg(a),
Using Proposition 3.3, we conclude that Fo < Fg in Ag, as intended.

Similarly, assume that the user requires the inputs on the region As to yield lower outputs. To
achieve this, we could consider the OFWA operator Fqr : [0,1]7 — [0, 1] defined by the weights

1/7 if a€ A (1/7 if a€ A

w,,(a) . 0.10 if a € Ay w,,(a) . 0.25 if ae€ Ay
! 0 if ae As 2 0 if ac A,
0 if a € Ay 0 if a € Ay

(1/7 if a€ A (1/7 if ae A

) = 0.15 if a € Ay ) = 0.25 if a € Ay
s 0.25 if a € As 4 0.25 if a € As
1/3 if ae€ Ay (1/3 if ac Ay
1/7 if ae A 1/7 if ae A

025 ifac A 0 if ac A

wl(a) = L wila) = wha) = L
0.20 if a € A3 0.15 if a € A3
1/3 if a € Ay 0 if a € Ay.

Comparing Fq with Fgr in As, we can see that

wi(a) = wi(a),

wh(a) < wy(a),

ws(a) > wy(a)

for all a € As.
However, simple calculations show that the operators satisfy the hypothesis of Proposition 3.1,
thus we conclude that Fgr < Fqo in As. A representation of these weights can be found in
Figure 2.

Therefore, we cannot use Proposition 3.3 to conclude which one is greater.
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0.3 0.3

0.2 0.2
0.1 0.1

1 2 3 4 5 6 7 1 2 3 4 5 6 7

Figure 2. On the left: the weights w; (blue) and w; (red) in the region As. On the right: the weights w; (blue)
and w; (red) in the region A,.

5. CLASSES OF OFWA OPERATORS

OFWA operators were introduced as a generalization of OWA operators, and indeed the
latter are a subclass of the former. This section will consider several classes of aggregation
operators [8, 28, 29, 33], some of them already extensions of OWA operators, and prove that
they also are a subclass of OFWA operators.

One of the simplest examples of OWA operator is the arithmetic mean. Given the input
values (aq,...,a,) € [0,1]", their arithmetic mean is the value

1 n
Fon(ay,...,an) = - Zai.
i=1

This operator can be generalized by changing the weights, and the resulting operator is the
n

weighted mean. Mainly, given a list of weights P = (p1,...,pn) such that > p; = 1, the
i=1

weighted mean of the values (a1,...,a,) € [0,1]™ is

Fp(ai,...,an) = sz’ai. (3)
i=1

Comparing the previous expression with the definition for the OWA operator, they look similar.
However, they have one important difference: The value corresponding to the weight p; is not
the i-th greatest input value but the value from the i-th source. Hence, they are different, in
general, and coincide when the weights are the same, that is, if we are considering the arithmetic
mean. Therefore, if we define the list of weights Qp = (wy,...,wy) as

wi(al) cee 7an) = pp(z)

foralli € {1,...,n}and (a1,...,a,) € [0,1]", where p: {1,...,n} — {1,...,n} is a permutation
on the index set such that Apn) <0 <y, We obtain that the weighted mean Fp is an OFWA
operator, more specifically, the OFWA operator Fq,,.

The OWA operator assigns weights based on the ordering of input values (from greatest to
least), while the weighted mean assigns weights directly to the sources. These two approaches
illustrate different perspectives in aggregation: The former emphasizes the values themselves,
the latter the sources from which they originate. In [28, 29], the author introduced a new class
of aggregation operator which merges both of these viewpoints, giving weights to each source
and weights to each input value once ordered. This operator is introduced as below.

Definition 5.1. Let P = (p1,...,pn), W = (w1, ..., wy) € [0,1]™ be two lists of weights such that
n n

Y>pi = >, w; = 1. The Weighted Ordered Weighted Averaging (WOWA) operator associated
i=1 i=1

with the lists of weights P and W is the mapping Fpw : [0,1]" — [0, 1] defined as

n
pr[/(al, ey an) = Zwi(al, ey an)ap(i)
=1
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for all (a1,...,an) €[0,1]", where p: {1,...,n} — {1,...,n} is a permutation on the index set
satisfying that a,,) < -+ < ayq) and the weight w; is defined as

wi(at,...,an) = w* pr(j) —w’ ZPPU)

J<i J<i
with w* an isotone function that interpolates the points
(0,0), (i/n,> wj), i€e{l,...,n}.
J<i
The mapping w* is required to be a straight line when the points can be interpolated in this way.

In the original definition given in [28], the dependence of w on the input values did not appear
explicit in the definition but rather was given as:

n
Fpwl(a,...,an) = Z Wiy (7).
i=1

However, it is clear that the input values define the permutation p, and this permutation,
together with the list of weights P, define the weight w;. Therefore, Q = (wq,...,wy,) is a list
of functional weights that depend on the input values, and thus we conclude that Fyy p is the
OFWA operator associated with the list of weights Q. In [29], the author used a more general
definition for the WOWA operator where the interpolating function w*, which is defined only
by the list of weights W, is replaced by an arbitrary fuzzy quantifier. This definition also give
rise to OFWA operators through the same reasoning.

Now, we will compare OFWA and Generalized Ordered Weighted Averaging (GOWA) oper-
ators. There are several notions of mean that are used alongside the arithmetic and weighted
mean, such as the geometric mean or the harmonic mean. All of these means can be seen as
particular cases of the generalized weighted mean: Given a list of weights W = (wy, ..., w,) and
a parameter A € (—o0,00), the generalized mean of the values (a1, ...,ay) € [0,1]" is

" 1/
Fowm(at, ... ap) = (Z wiaf‘) .
i=1

This notion together with the OWA operator give rise to the following generalization of the
OWA operator [33].

n
Definition 5.2. Let W = (wy,...,wy,) € [0,1]" be a list of weights such that > w; = 1 and

=1
A € (—00,0) be a parameter. The Generalized Ordered Weighted Averaging (GOWA) operator
associated with W and X is the mapping M7, : [0,1]" — [0,1] defined as

n 1A
Mlj\v(al, ceyQp) = (Z wiai)‘(i)>
i=1

for all (ay,...,an) € [0,1]", where p: {1,...,n} = {1,...,n} is a permutation on the index set
satisfying that a,m) < -+ < apyq)-

The previous definition includes the original definition of the OWA operator for A = 1, and
the variation of the harmonic and quadratic means applying the reordering of the input values
for A = —1 and A = 2, respectively. Moreover, even though the definition does not make sense
for A = 0, via limits it can be shown that the resulting operator is a variation of the geometric

mean, that is,
n

MY (ay,. .. a,) = Ha;"é).
i=1
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All of the examples up until now were clearly recognizable as OFWA operators and their
weights were easy to define. However, Definition 5.2 does not due to the exponent. Therefore,
we cannot find a natural list of weights €2 with a clear correspondence with the GOWA operators.
In order to show that the GOWA operator is a particular instance of an OFWA operator, we
use the fact that it is bounded [33], such that

min{ay, ..., an} < Mjy (a1, ..., a,) < max{ay, ..., an}
for all (ay,...,a,) € [0,1]". Using Theorem 2.1, we conclude that GOWA operator is a particular
case of OFWA operator. Moreover, if we define the list of weights Qf/‘v = (wy,...,wy) as
1 if a1 =...=ay,
wi(at, ..., an) = M (ay,. .. an) — H‘lin{al, ey G } otherwise
max{ai,...,an} —min{a,...,a,}

wj(at,...,an) =0, j€{2,..,n—1}

0 if ag=...=ay,
wp (a1, ..., an) = § max{ay, ...,a,} — M) (a1, ..., a)
max{aj,...,a,} —minay, ..., a,

otherwise

for all (ai,...,a,) € [0,1]", then Foy = M;},. This same reasoning can be applied to showing
that the monotone transformation of an OFWA operator is also an OFWA operator. The next
result describes this fact.

Proposition 5.1. Given an OFWA operator Fq : [0,1]" — [0,1] and a continuous strictly
monotone function g : [0,1] — [0,1], the operator F§, : [0,1]" — [0,1] defined as

F(g)(alv ceey an) = gil(Fﬂ(g(al)v ey (an)))
is an OFWA operator.
Proof. First, we will show that the operator F§ is well defined. The function g: [0,1] — [0, 1]
is strictly monotone, thus the inverse g': [a,b] — [0, 1] exists, where [a,b] = ¢([0,1]) due to g
being continuous. Moreover, since F is an OFWA operator, it is bounded, hence

Fa(g(a1), - -, 9(an)) € [min{g(a1), ..., g(an)}, max{g(ar), ..., g(an)}] < la,b].

Therefore, we can apply the inverse to obtain the operator Ff%'

Now, we will show that FJ is also bounded. Let (ai,...,a,) € [0,1]" and, without loss of
generality, we will assume that min{as,...,a,} = a1, max{ay,...,a,} = ay, and additionally
that g is monotone increasing. Therefore, we have

g9(ar) = min{g(a1),...,g(an)} < F§(g(ar), ..., g(an))
< max{g(ai1),...,g(an)} = g(an).
Then, because g is also monotone increasing, we have
a1 =g g(a) < g7 (FS(g(ar), -, g(an))) < g™ glan) = an.

Since the choice of values was arbitrary, we conclude that F is bounded. Using Theorem 2.1,
we can conclude that FJ is also an OFWA operator. U

Another important aggregation operator is the Choquet integral (see [2, 10, 22, 30]). This
notion is associated to a discrete fuzzy measure, defined below as in [7].

Definition 5.3. Given N = {1,...,n}, a discrete fuzzy measure is a function m : 2V — [0,1]
satisfying the following conditions:
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(1) Increasing: m(X)<m(Y) forall X CY CN.
(2) Boundary conditions: m(&) =0 and m(N)=1.
One of the characterizations of the notion of discrete Choquet integral [8, 23] as the follows.

Definition 5.4. Given N = {1,...,n}, the discrete Choquet integral with respect to the discrete
fuzzy measure m : 2N — [0, 1] is the mapping Cy, : [0,1]" — [0, 1] given by

Cm(alv s 7an) = Z Ap(i) - (m({] ’ aj > ap(z)}) - m({] ’ aj > ap(iJrl)})) )
i=1
where (a1, ...,an) € [0,1]", p: {1,...,n} = {1,...,n} is a permutation, such that a,qy < --- <
Ap(n)s and appy1) = 00 by convention.

In [6, 17, 21, 24], an equivalent definition is used:

n

Con(ar, -y an) = > (a0 — apa-1)) - m{7 | aj = ap)}),

i=1
where a,) = 0 by convention. Nonetheless, we will use the first expression since it will be more
direct for our purpose. To show that the Choquet integral C,, is an OFWA operator, we define
the list of weights Q™ = (wi",...,w;"), where

wi"(a1,- - an) = m{7 [ aj = ap@)}) —m{j | aj = apii1)})

for all i € {1,...,n}. In this way, the Choquet integral can be rewritten as

Cn(ay,...,an) = Zwm(al, ey Q) Gp()-
i=1

We will first show that the codomain of these weights lies within the unit interval. Clearly,
w™(ai,...,an) < 1since the discrete fuzzy measure is greater than 0 and less than 1. Moreover,
since a,(;) < ap(i+1) we obtain that

{dla;>apmy} 215 1a; >apusn}
Therefore, due to the monotonicity of the discrete fuzzy measure,
m({j [ a; = ayi}) =2 m{7 | aj = apiyn)})

and thus, w/™(a1,...,a,) > 0. It remains to show that the weights add up to 1. For any
(a1,...,a,) €[0,1]", we have

w{n(a’lv s 7an) + wgl(ala s 7an) = m({] ‘ a; = ap(l)}) - m({] | aj = a’p(Q)})
+m({Jlaj > ape)}) —m{7 | aj = ap}) =m{i | aj > apm)}) —m{7 [ aj = aps)})-

Repeating the same procedure, the sum of the weights is

Zwm(alv R 7a’n) = m({] ‘ a; > ap(l)}) - m({] | a; > ap(nJrl)})‘
=1

The two sets considered in the above expression are
{ilaj >a,n)} =1{j|a; >min{a1,...,a,}} ={1,...,n} = N,
{ilaj>aymeryty =1{jla; >oc}=0.

Thus, due to the boundary conditions of the discrete fuzzy measure,

Zw{”(al,...,an) =m(N)—-m(@)=1-0=1.
i=1
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We have showed that the list Q™ is a list of functional weights as defined in Definition 2.2.
Hence, the OFWA operator Fom : [0,1]" — [0, 1] is

n
FQm(ala .- -aan) = szm(al’ ce 7a") Gp(i)-
i=1

Therefore, the Choquet integral C,, is the OFWA operator Fom. Moreover, given a continuous
and strictly monotone function g: [0, 1] — [0, 1], the generalized Choquet integral is the operator
Chn,g : [0,1]™ — [0, 1] defined as

Cm,g(ala e ,an) = g_l(cm(g(al)’ e 7g(an)))a

where C,, : [0,1]™ — [0,1] is the Choquet integral with respect to the discrete fuzzy measure
m : 2N — [0,1]. Using Proposition 5.1, this operator is also an OFWA operator.

Due to their flexibility, OFWA operators encompass a wide range of common operators, like
the ones presented in this section. Furthermore, the class of OFWA operators include any
bounded operator, as proven in [12], which implies that operators as significant as the Sugeno
integral can also be regarded as particular cases of OFWA operators. Nevertheless, the most
important goal is to find simple and interpretable expressions for the associated weights of an
arbitrary bounded operator, as we have done above with the Choquet integral. In the future,
more operators will be studied.

6. CONCLUSIONS AND FUTURE WORK

This work continues the study of ordered functional weighted averaging operators started in [5,
19]. Here, we focus on comparing different OF WA operators to determine which one yields higher
or lower values within a certain region, and provide three sufficient conditions. All the results
are illustrated through examples, including a practical one concerning a photovoltaic facility.
Lastly, we study some families of aggregation operators, like the weighted ordered weighted
averaging operator and the Choquet integral, and show that they are particular instances of
OFWA operators.

In the future, we will investigate more sufficient conditions to ensure the usual monotonicity
or other variants, such as directional monotonicity [16]. We will also explore methods for aggre-
gating OFWA operators, extending the conservative and aggressive viewpoints described in [5].
Moreover, we will study different representations of OFWA operators and how the weights can
be modified in order to better tailor the OFWA operator to the user’s requirements given in
natural language.
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