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SOME FAMILIES OF MITTAG-LEFFLER TYPE FUNCTIONS AND

ASSOCIATED OPERATORS OF FRACTIONAL CALCULUS
(SURVEY)

H.M. SRIVASTAVA!2

ABSTRACT. Our main objective in this survey-cum-expository article is essentially to present a
review of some recent developments involving various classes of the Mittag-Leffler type functions
which are associated with several family of generalized Riemann-Liouville and other related
fractional derivative operators. Specifically, we consider various compositional properties, which
are associated with the Mittag-Leffler type functions and the Hardy-type inequalities for a
certain generalized fractional derivative operator. We also present solutions of many different
classes of fractional differential equations with constant coefficients and variable coefficients and
some general Volterra-type differintegral equations in the space of Lebesgue integrable functions
as well as a number of interesting particular cases of these general solutions and certain recently
investigated fractional kinetic differintegral equations.
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ric functions, Hurwitz-Lerch and related zeta functions.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

During the past three decades or so, the subject of fractional calculus (that is, calculus
of integrals and derivatives of any arbitrary real or complex order) has gained considerable
popularity and importance, which is due mainly to its demonstrated applications in numerous
seemingly diverse and widespread fields of science and engineering. It does indeed provide several
potentially useful tools for solving differential and integral equations, and various other problems
involving special functions of mathematical physics as well as their extensions and generalizations
in one and more variables. In a wide variety of applications of fractional calculus, one requires
fractional derivatives of different (and, occasionally, ad hoc) kinds (see, for example, [12] to [17],
[26], [27], [33], [34], [40], [44], [47], [49] and [50]). Differentiation and integration of fractional
order are traditionally defined by the right-sided Riemann-Liouville fractional integral operator
I’ -+ and the left-sided Riemann-Liouville fractional integral operator I, P_ and the corresponding
Riemann-Liouville fractional derivative operators D 4 and DP_ | as follows (see, for example, [8,
Chapter 13|, [22, pp. 69-70] and [32]):

(1%, f) (x) = F(lm / ’ ; ! (tt))lu it (2> a R(w)>0), (L.1)
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0) @) =05 [ o (< R >0 (12)
and
d\" [
(Dl )<x>=<id$) (L) @) R 206 n=RE)+1),  (13)

where the function f is locally integrable, R (1) denotes the real part of the complex number
p € C and [R ()] means the greatest integer in R (u).

An interesting family of generalized Riemann-Liouville fractional derivatives of order o (0 <
a < 1) and type 5 (0 < 8 < 1) were introduced recently as follows (see [12], [13] and [14]; see
also [16], [17] and [33]).

Definition 1.1. The right-sided fractional derivative Dg‘f and the left-sided fractional derivative
Db of order a (0 < a < 1) and type 5 (0 < 8 < 1) with respect to x are defined by

(0325) () = (#1287 (1270 )) o) o

where it is tacitly assumed that the second member of (1.4) exists. Obviously, this generalization
(1.4) yields the classical Riemann-Liouville fractional derivative operator when 3 = 0. Moreover,
for B =1, it leads to the fractional derivative operator introduced by Liouville [24, p. 10], which
s often attributed to Caputo now-a-days and which should more appropriately be referred to as
the Liouville-Caputo fractional derivative. Many authors (see, for example, [26] and [49]) called
the general operators in (1.4) the Hilfer fractional derivative operators. Several applications of
the Hilfer fractional derivative operator Dgf can indeed be found in [14].

In this survey-cum-expository article, we aim mainly at presenting a brief review of interesting
and potentially useful properties of the aforementioned family of generalized Riemann-Liouville
fractional derivative operators Dg‘f of order o and type (3 (see Definition 1.1 above). In partic-
ular, we consider various compositional properties, which are associated with the Mittag-Leffler
type functions and the Hardy-type inequalities for the generalized fractional derivative operator
Dz‘f . By applying some techniques based upon the Laplace transform, we present solutions of
many different classes of fractional differential equations with constant coeflicients and variable
coefficients and some general Volterra-type differintegral equations in the space of Lebesgue in-
tegrable functions. We also include various special cases of these general solutions and a brief
discussion about some recently-investigated fractional kinetic equations.

First of all, by using the formulas (1.1) and (1.2) in conjunction with (1.3) when n = 1, the
fractional derivative operator Dgf can be rewritten in the following form:

(0221) @0 = (#2277 (D27) ) @), (15)

The significant difference between fractional derivatives of different types would become ap-
parent from a closer look at their Laplace transformations. For example, it is found for 0 < a < 1
that (see [12], [13] and [49])

£[(D5Lr) @)] () = LI @) () = @ (1) 04), (1.6)

0<a<l),

where

(I(()i:ﬁ)(l*a)j) (04)
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is the Riemann-Liouville fractional integral of order (1 — 3) (1 — a) evaluated in the limit as
t — 0+, it being understood (as usual) that (see, for details, [7, Chapters 4 and 5])

LU (@) (5) = /0 T e (1) d = F(s), (1.7)

provided that the defining integral in (1.7) exists.
We now turn to the familiar Mittag-Leffler functions E, (2) and E,, (z) which are defined
(as usual) by means of the following series:

E,(z) = ZO F(/;zn—i-l) =: E,1(%2) (z € C; R(p) > 0) (1.8)
and -
By (2) = nzzjo m (2,v € C; R(n) > 0), (1.9)

respectively. The Mittag-Leffler functions E, (2) and E,, (2) are natural extensions of the
exponential, hyperbolic and trigonometric functions, since it is easily verified that

Ei(z)=¢*, E» (22) =coshz, F» (—22) = cos 2,

e —1 sinh 2

ELQ(Z) = and E272(22) = > .

For a reasonably detailed account of the various properties, generalizations and applications of
the Mittag-Leffler functions E, (z) and E,, ,, (2), the reader may refer to the recent works by (for
example) Gorenflo et al. [9], Haubold et al. [11] and Kilbas et al. ([20], [21] and [22, Chapter 1]).
The Mittag-LefHler function E, (2) given by (1.8) and some of its various generalizations have

only recently been calculated numerically in the whole complex plane (see, for example, [18]
and [36]). By means of the series representation, a generalization of the Mittag-Leffler function
E, . (z) of (1.9) was introduced by Prabhakar [31] as follows:

> A) 2"
By =S M ; 1.1
o (2) nzof(unw) 5 (BmAeC R >0), (1.10)
where (and throughout our presentation) (A), denotes the familiar Pochhammer symbol or the
shifted factorial, since

(1), =nl  (n€Ny:=NU{0} N:={1,2,3,---}),
defined (for A\,v € C and in terms of the familiar Gamma function) by

1 (r=0;AeC\{0})
. I'(A+v) B

AA+1D)---A+n-1) (wv=neN;AxeC),
it being assumed conventionally that (0)g := 1. Clearly, we have the following special cases:
E}W (2) = Eup (2) and E}hl (2) =E,(2). (1.11)

Indeed, as already observed earlier by Srivastava and Saxena [47, p. 201, Equation (1.6)], the
generalized Mittag-LefHler function Eﬁ,u (z) itself is actually a very specialized case of a rather
extensively investigated function ,¥, as indicated below (see also [22, p. 45, Equation (1.9.1)]):

AL
i , (A1)

B, (2) =511 z|, (1.12)
' e (v, 1)
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where, and in what follows, ,%, (p,q € No) or ¥y (p,q € Ng) denotes the the Fox-Wright)
generalization of the relatively more familiar hypergeometric function ,F, (p,q € Ny), with p

numerator parameters a, --- ,a, and ¢ denominator parameters by, --- , b, such that
a; €C (j=1,---,p) and bjeC\Zy, (=1, --,q),

which is defined by (see, for details, [7, p. 183] and [46, p. 21]; see also [22, p. 56], [19, p. 65]
and [45, p. 19])

(al?Al) s T (apaAp) ;
Yy z

—
S
[y
sy
=
~—
—
S
S
sy
_
~—

CT(by) T (by) o, (o1, 40), 0 g Ap) p, (1.13)
T (a1) ---T (ap) (b1, B1), -+, (by, By) ;
(%(Aj)>0 (G=L-,p); R(Bj) >0 (j=1-,9); 1+%<i33 Zp:AJ) = )
j=1 g=1

where we have assumed, in general, that
aj,A;€C (j=1,---,p) and b,B;€C (j=1,-,q)

and that the equality in the convergence condition holds true only for suitably bounded values
of |z| given by

a
2| <V := HA : HBJBj
j=1

Various special higher transcendental functlons of the Mittag-Leffler and the Fox-Wright types
type are known to play an important role in the theory of fractional and operational calculus
and their applications in the basic processes of evolution, relaxation, diffusion, oscillation, and
wave propagation. Just as we have remarked above, the Mittag-Leffler type functions have only
recently been calculated numerically in the whole complex plane (see, for example, [18] and [36];
see also [1] and [29]). Furthermore, several general families of Mittag-Leffler type functions were
investigated and applied recently by Srivastava and Tomovski [49]). Clearly, therefore, we can
deduce the following relationships with the Mittag-Leffler type function E,E“Z(s, z) of Barnes [5]:

1 (a) 1 (@) (.
E,(z) = llg(l) {Ea 1(s5 z)} and Eop(2) = llg(l] {anﬁ(s, z)} . (1.14)
More interestingly, we have
1
lim { B0 (5:2)} = -~ @
HIL% n,l(sv'z) P(V) (z757a)
in terms of the classical Hurwitz-Lerch zeta function ®(z,s,a) defined by (cf., e.g., [7, p. 2T.
Eq. 1.11 (1)]; see also [41, p. 121, et seq.])
0 n

D(z,8,a) = Z (niia)s (1.15)

n=0

(a € C\Zy; s € C when |z| <1; R(s) > 1 when |z|=1).
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The Hurwitz-Lerch zeta function ®(z,s,a) defined by (1.15) contains, as its special cases, not
only the Riemann zeta function ((s) and the Hurwitz (or generalized) zeta function ((s, a):

[e.o] [e.o]

C(@:::EZ;%::@(LS,D and gwﬂn:::EZ(n41n8::@(Ls¢n (1.16)

n=1 n=0

and the Lerch zeta function /,(€) defined by (see, for details, [7, Chapter I] and [41, Chapter 2])
o0 62nm'§

0s(€) =)

n=1

=7 @ (627“5, s, 1) (1.17)
nS
(€ eR; R(s)>1),
but also such other important functions of Analytic Number Theory as the Polylogarithmic
function (or de Jonquiére’s function) Lis(z):
oo Zn
Lig(2) =Y  — =2z ®(z,5,1) (1.18)

ns
n=1

(s€C when |z]<1; R(s)>1 when |z]=1)
and the Lipschitz-Lerch zeta function (cf. [41, p. 122, Eq. 2.5 (11)]):

€2n7rz§

oo

- — 2mig —.

¢(€7a78) —nzzo(n_’_a)s —@(6 m ,S,a) —.L(&,s,a) (119)
(a€C\Zy; R(s) >0 when £€R\Z; R(s)>1 when ¢€7Z),

which was first studied by Rudolf Lipschitz (1832-1903) and Matyas Lerch (1860-1922) in con-

nection with Dirichlet’s famous theorem on primes in arithmetic progressions.

Asymptotic expansions of the Mittag-Leffler type function Eﬁfﬂ(s, z) and the classical Mittag-
Leffler function E,(z) defined by (1.8) are discussed by Barnes [5]. Moreover, as already pointed
out categorically by Srivastava et al. [48, p. 503, Eq. (6.3)], the following generalized M -series
was introduced recently by Sharma and Jain [37] by

o . R e (70 R ()
MQ@MHW%JhHW%Jy_%;@ﬂh“QSkF@k+m
1 (a'lvl)u 7(0';)71)7(171);

2, (1.20)
(bh 1) s T (bm 1) ) (ﬁva);
in which the last relationship exhibits the fact that the so-called generalized M-series is, in fact,
an obvious (rather trivial) variant of the Fox-Wright function ,W¥7 defined by (1.13).
A natural unification and generalization of the Fox-Wright function ,V¥? defined by (1.13)
as well as the Hurwitz-Lerch zeta function ®(z, s,a) defined by (1.15) was indeed accomplished

by introducing essentially arbitrary numbers of numerator and denominator parameters in the
definition (1.15). For this purpose, in addition to the symbol V* defined by

P
V* = H ,oj_pj . H U?j , (1.21)
j=1
the following notations will be employed:

q p q P B
A::ZUj—ij and E::s+2uj—2)\j+¥. (1.22)
= = : :

= — P*
F(ﬂ) p+1¥g+1
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Then the extended Hurwitz-Lerch zeta function

(1,7 PP, 1,0 ,0q)
ALy Apif o hq

is defined by [48, p. 503, Equation (6.2)] (see also [38] and [42])

(z,8,a)

P
00 H ()‘j)npj n
(P15 ,0p, 015+ ,0q) j=1 z

¢)\17"’7AP§N17"'7Nq (z,5,0) = Z q (n+a)s (1.23)
n=0n!- JT (1tj)no,

7j=1
(paquOa AJEC(]:17 >p)a G,MJG(C\Z()_ (]:17 >Q)a

pj,O'keR+ G=1-,p k=1, ,q;A>—1;

when s,z € C; A= -1 and s € C when |2| < V*; A =—1 and R(E) > %; when |z| = V*).
For an interesting and potentially useful family of A-generalized Hurwitz-Lerch zeta functions,
which further extend the multi-parameter Hurwitz-Lerch zeta function

(plv“' sPpyT1, " 7‘7q)

S R CERD)

defined by (1.23), was introduced and investigated systematically in a recent paper by Srivas-
tava [39], who also discussed their potential application in Number Theory by appropriately
constructing a presumably new continuous analogue of Lippert’s Hurwitz measure and also con-
sidered some other statistical applications of these families of the A-generalized Hurwitz-Lerch
zeta functions in probability distribution theory (see also the references to several related earlier
works cited by Srivastava [39]).

Remark 1.1. If we set

s=0, p—=p+l (pr=-=pp=1 Xpp1=ppt1=1)
and
g—rq+1 (o1="=04=1 pgt1=05; 0g41=0),
then (1.23) reduces at once to the M-series in (1.20).
Finally, we recall that a Laplace transform formula for the generalized Mittag-Leffler function
Eﬁ‘y(z) was given by Prabhakar [31] as follows:
v

T (1.24)

L [m”_lEﬁ"V (wx“)} (s) =

()\,,u,w eC; R(v) >0; R(s) > 0; ’s%‘ < 1) .
Prabhaker [31] also introduced the following fractional integral operator:
(Eﬁ,y,w;aw) (z) = / (x—t)" " E) (w@-t)")e ) d  (z>a) (1.25)

in the space L(a,b) of Lebesgue integrable functions on a finite closed interval [a, b] (b > a) of
the real line R given by

L(a,b) = {f: !fh—/ablf(w)!dx<oo}, (1.26)

it being tacitly assumed (throughout the present investigation) that, in situations such as those
occurring in (1.25) and in conjunction with the usages of the definitions in (1.3), (1.4) and (1.5),
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a in all such function spaces as (for example) the function space L(a, b) coincides precisely with
the lower terminal @ in the integrals involved in the definitions (1.3), (1.4) and (1.5).

The fractional integral operator (1.25) was investigated earlier by Kilbas et al. [20] and its
generalization involving a family of more general Mittag-Leffler type functions than Eﬁ‘,}(z) was
studied recently by Srivastava and Tomovski [49].

2. THE MITTAG-LEFFLER TYPE FUNCTIONS: BASIC PROPERTIES AND RELATIONSHIPS

Here, in this section, we present several continuity properties of the generalized fractional
derivative operator Dg‘f Each of the following results (Lemma 2.1 as well as Theorems 2.1
and 2.2) are easily derivable by suitably specializing the corresponding general results proven
recently by Srivastava and Tomovski [49].

Lemma 2.1. (see [49]). The following fractional derivative formula holds true:

(Dsf [ - ]) @) = = s -0y (2.1)

(v —a)
(1>a;0<a<1;0<8<1; R(v) >0).
Theorem 2.1. (see [49]). The following relationship holds true:

(D [t =) Bt —a)]]) (@) = (2= @) T ) s lw(@—0)]  (22)

ny—a
(x>a;0<a<1;0§ﬁ§1; A,wE(C;?R(,u)>O;3‘E(V)>O).

Theorem 2.2. (see [49]). The following relationship holds true for any Lebesgue integrable
function ¢ € L(a,b) :

Dgf (Eﬁ,u,w;aw) = Eﬁ,ufa,w;aﬁ@ (2.3)
(z>a(a=0a); 0<a<1;0<B<1; AweC; R(w) >0; R(v) >0).
In addition to the space L(a,b) given by (1.26), we shall need the weighted LP-space
XP(a,b)  (c€R; 1<p<oo),

which consists of those complex-valued Lebesgue integrable functions f on (a,b) for which

[fllxr < o0
with
b dt 1/p
e = ([ werorS) T asp<oo.
a
In particular, when
1
c=—-,
p

the space X?(a,b) coincides with the L?(a,b)-space, that is,

X? (a,b) = LP(a,b).

1/p

We also introduce here a suitable fractional Sobolev space W' Jf’ (a,b) defined, for a closed interval
[a,b] (b >a)in R, by

WP (a,6) = {f: f € [P (a,b) and D feLP(ab) (0<a<1)},
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where Dg, f denotes the fractional derivative of f of order o (0 < o < 1) Alternatively, in
Theorems 2.3 and 2.4 below, we can make use of a suitable p-variant of the space L§, (a,b)
which was defined, for ®(a) > 0, by Kilbas et al. [22, p. 144, Equation (3.2.1)]:

Ly, (a,b) ={f:f€L(a,b) and Dy, f€ L(a,b) (R(a)>0)}.
See also the notational convention mentioned in connection with (1.26).

Theorem 2.3. (see [50]). For 0 < a <1 and 0 < B < 1, the operator Dgf is bounded in the

a+p6—af,l (a b)

space W, | and

s <o), (0 srlaiins) @9

Bl—a)T[B(1—a)
Proof. By applying a known result [32, Equation (2.72)], we find that

1— _
[pazel| = e (e )
(b—a)’ ") |petr=ery| .

S BA-a)l[F-a)
]

The weighted Hardy-type inequality for the integral operator I, is stated as the following
lemma.

Lemma 2.2. (see [22, p. 82]). If1 < p < 0o and a > 0, then the integral operator If, is
bounded from LP (0, 00) into Xf/ o (0,00) as follows:

([ ot n@pa)” -

- m (/Ooo|f<x>!pdw)1/p (;*;:1)'

Applying the last two inequalities to the fractional derivative operator fof, we get

0 —ap a}ﬁ . P N 1/p
(fo< mgf f><(f )(d Zw ) o' )W (141 -1) (2.6)
) 0 p ' p ’

r(B(1-a)+1/p

We thus arrive at the following result.

Theorem 2.4. (see [50]). If1 <p<o0,0<a<1and0 < <1, then the fractional derivative

operator Dy ’ﬁ is bounded from ngﬁ_aﬁ’p (0,00) into Xf/p o (0,00).

3. FAMILIES OF FRACTIONAL DIFFERINTEGRAL EQUATIONS WITH CONSTANT COEFFICIENTS
AND VARIABLE COEFFICIENTS

The eigenfunctions of the Riemann-Liouville fractional derivatives are defined as the solutions
of the following fractional differential equation:

(D5 f) () = Af (2), (3.1)
where ) is the eigenvalue. The solution of (3.1) is given by

F(2) =2 Faq (A1) (3.2)
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More generally, the eigenvalue equation for the fractional derivative D(O)‘f of order v and type
reads as follows:

(D5LF) (@) = Af (@) (3.3)
and its solution is given by (see [13, Equation (124)])
f(x) = x(lfﬁ)(lfa)Ea,aJrﬁ(l,a) (Ax®), (3.4)

which, in the special case when 5 = 0, corresponds to (3.2). A second important special case of
(3.3) occurs when = 1:

(D5 ) (@) = A (). (3.5)
In this case, the eigenfunction is given by
f(z) = Eq (Ax9). (3.6)

We now divide this section in the following four subsections (see, for details, [50]).
3.1. In this subsection, we assume that

0<a1<ap<1,0<3<1,0<62<1 and a,b,ceR

and consider the following fractional differential equation:

a (Dg1"y) (@) + b (D§3%y) (2) + ey (@) = [ (=) (3.7)
in the space of Lebesgue integrable functions y € L(0, c0) with the initial conditions:
1-8;)(1—oy .
(P 00 = (=12), (35)

where, without any loss of generality, we assume that

(1=B)1—) < (1=B2)(1— ).
If ¢; < o0, then
co=0 unless (1—731)(1—a1)=(1-7p2)(1—a2).
An equation of the form (3.7) was introduced in [14] for dielectric relaxation in glasses. While

the Laplace transformed relaxation function and the corresponding dielectric susceptibility were
found, its general solution was not given in [14]. We now proceed to find its general solution.

Theorem 3.1. (see [50]). The fractional differential equation (3.7) with the initial conditions
(3.8) has its solution in the space L (0,00) given by

1 & a\m c
_ - el (ag—a1)m+as+p1(1—a1)—1 pm+1 Y
v =53 (-5) [ embe e (%)

—a1)mtaz+fz(l-az)—1 pm+1 .
+ beggl@zma)mtaztfa(l—az) B (ca—a1)m-+ag+ 2 (1—as) (_Bx%)

+ (EZZT(LQ—m)mwm—%;%f) <_§$a2> ] (39)

Proof. Our demonstration of Theorem 5 is based upon the Laplace transform method. Indeed,
if we make use of the notational convention depicted in (1.7) and the Laplace transform formula
(1.6), by applying the operator £ to both sides of (3.7), it is easily seen that

shilea—1) gP2(az—1) F (s)

Vi(s) = ac as* +bs*2 + ¢ + bez as®t 4+ bs®2 + ¢ = as* 4+ bs*2 + ¢
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Furthermore, since

sPilai=1) 1 sPilai=1) 1 1 i ( a)m gorm+Bici—pi
= — - = — —— —1
wevre o et vy () 2R 0Y

-7 [ll) i (_1)m (%)mx(ag—al)m—ﬁ—az—i—ﬁi(l—ai)—l

m—+1 C a .
Eag,(agfal)m+a2+ﬁi(1fo¢i) (_B:U 2) ] (’L = 17 2)

and

o 2 () (e o) - ()

m=0

ag—o )mtag— m € o
. (x( ) 1) o 1E012—,’—(Lgfa1)m+a2 (_Bx 2) *f<m))]

=L !ll) mi::() (_1)m (%)m <E7o7¢;r(1ag—a1)m+a2,—%;0+f) (_Zx%)]

in terms of the Laplace convolution, by applying the inverse Laplace transform, we get the
solution (3.9) asserted by Theorem 3.1. O

3.2. The next problem is to solve the fractional differential equation (3.7) in the space of
Lebesgue integrable functions y € L(a, b) when

air=az=a and B # P,

that is, the following fractional differential equation:

a (D5f"y) @)+ (D5y) (@) + ey (@) = £ () (3.10)
under the following initial conditions:
(Ié};ﬁi)“‘“)y) O0+)=c (i=1,2). (3.11)

We now assume, without loss of generality, that B2 < 1. If ¢1 < oo, then
co =0 unless p1 = [fo.

Corollary 3.1. (see [50]). The fractional differential equation (3.10) under the initial conditions
(3.11) has its solution in the space L (0,00) given by

_ ac +a(l-61)—1 c a
y (1‘) _ <a " b> ! (1-p1) angl_i_a(l_ﬂl) <_a n bac >
bea +a(l—B2)—1 C  a
+ (a + b) pPrrei=h) Ea,ﬁ2+a(1—ﬁ2) a4 b$

+ (a —11- b) (Eiyl +b,o+f> (z). (3.12)

Proof. Our proof of Corollary 3.1 is much akin to that of Theorem 3.1. We choose to omit the
details involved (see [50]). O
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3.3. Let
0<ar<ar<az<l and 0<p3;<1 (1=1,2,3; a,b,c,e € R).

Consider the following fractional differential equation:

a(D5r"y) @) +b (D53™y) (@) + ¢ (D5™y) @) +ey@) = f(2)  (313)
in the space of Lebesgue integrable functions y € L(a, b) with the initial conditions given by
(I&‘ﬂ”“‘a”y) 0+)=c¢  (i=1,2,3). (3.14)

Without loss of generality, we assume that

(1=p)d —an) < (1= p2)(1—ag) < (1—=F3)(1 —a3).
If ¢1 < o0, then
Cy — 0 unless (1 - 51)(1 - al) = (1 — ,32)(1 — a2)
and
c3=0 unless (1-01)(1—a1)=01—-0F2)(1—az)=(1-703)(1—as).
Hilfer [14] observed that a particular case of the fractional differential equation (3.13) when
ap=1 =1 (i=1,23),e=1 and f(z)=0
describes the process of dielectric relaxation in glycerol over 12 decades in frequency.

Theorem 3.2. (see [50]). The fractional differential equation (3.13) with the initial conditions
(3.14) has its solution in the space L (0,00) given by

(_1-27171 Z <m) akbm—kx(oz;;—ag)m+(a2—a1)k+a3—1
cm k
k=0

o0

y(x)=>

m=0

_ e
. |:GC1.I'/81(1 al)Ea:a7(043—042)m+(042—041)k+a3+,31(1—Oél) (_Exa3>

_ (&
+ bc?xBQ(l QQ)Eam(as—az)m-&-(az—m)k+a3+52(1—a2) (_Ex%)

_ &
+ 6035663(1 a3)Eas,(a3—az)m—i-(cm—a1)k+a3+ﬁ3(1—a3) <_E$a3> :|

0 (_qym m o - )
+ Z (ijl kZO <7Z> ahymt (Ea3—!_(1o<3—a2)m+(a2—al)k—I—agf) (_S«T 3) . (315)

m=0

Proof. Making use of above-demonstrated technique based upon the Laplace and the inverse
Laplace transformations once again, it is not difficult to deduce the solution (3.15) just as we
did in our proof of Theorem 3.1. (Il

3.4. Let

l<ax<l and 0<p <1 (1=1,2,3).
In the space of Lebesgue integrable functions y € L(0,00), we consider special case of the
fractional differential equation (3.13) when

a1 = g = 3 = (.

a(D§) (@) + b (DEPy) (@) + ¢ (DY) (@) + ey (2) = f (x) (3.16)

under the initial conditions:

(L2 0 =e (1=1,23). (3.17)
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We assume, without loss of generality, that 83 < 8o < f1. If ¢1 < 00, then
co =0 unless b1 = 5o

and
c3=0 unless [y == pfs.

We are thus led fairly easily to the following consequence of Theorem 3.2.

Corollary 3.2. (see [50]). The fractional differential equation (3.16) with the initial conditions
(3.17) has its solution in the space L (0,00) given by

_ acy Bi+a(l—F1)-1 __ ¢ a

bCQ a(l—pB2)—1 € «a
+ <a+ b—|—C> zhrt (1=52) Ea,ﬂera(lfﬂz) <_a+ b—l—Cw >
1
(E P 0+f)( ). (3.18)

Remark 3.1. Podlubny [30] used the Laplace transform method in order to give an explicit so-
lution for an arbitrary fractional linear ordinary differential equation with constant coefficients
mmwolving Riemann-Liouville fractional derivatives in series of multinomial Mittag-Leffler func-
tions.

5. Kilbas et al. [22] used the Laplace transform method to derive an explicit solution for the
following fractional differential equation with variable coefficients:

z (D§ry) (z) = My (2) (x>0, NeR, a>0; l-1<a<l; leN\{1l}). (3.19)

They proved that the differential equation (3.19) with 0 < o < 1 is solvable and that its solution
is given by (see, for details, [22])

where (see also Section 1)
o= oV
is the Wright function defined by the following series [22, p. 54]:

Oé,@’7 Z(:)FOZI{?+B (OZ,B,ZE(C)

and c is an arbitrary real constant.
In the space of Lebesgue integrable functions y € L (0,00), we consider the following more
general fractional differential equation than (3.19):

x(DOfy)() () (>0 AeR 0<a<1; 0<B<1)) (3.20)

under the initial condition:

(H90-0) (04) = a1 321)
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Theorem 3.3. (see [50]). The fractional differential equation (3.20) with the initial condition
(3.21) has its solution in the space L(0,00) given by

A pa-1)"
(l'a(ﬁ))¢<a—1,(ﬁ—n)(1—a)+a,a)\1x°‘1)

y(z) = ¢y fal@~ 1A ~
n. n
La,— i : x“—1> : (3.22)

where c1 and co are arbitrary constants.

(o)
D>
n=0
+ ez Lo <a
Proof. We first apply the Laplace transform operator £ to each member of the fractional differ-

ential equation (3.22) and use the special case n = 1 of the following formula [7, p. 129, Entry
4.1 (6)]:

am n n
5o (LU @](9) = (=1)" LE"f@)](s)  (neN). (3.23)
We thus find from (3.20) and (3.23) that
0 _
55 (SO‘Y (s) — 157 1)> = -\Y (s),
which leads us to the following ordinary linear differential equation of the first order:
Y’ (s) + (a + {;) Y (s) — 18 (a — 1) sPle"b=a=l — ¢,
s s
Its solution is given by
1 —a 8 —a
Y (s) = — el&0) (CZ + B (a— 1)/ gPla—D-1,-32! dg;) , (3.24)
§ 0

where ¢; and co are arbitrary constants.

Upon expanding the exponential function in the integrand of (3.24) in a series, if we use term-
by-term integration in conjunction with the above Laplace transform method, we eventually
arrive at the solution (3.22) asserted by Theorem 3.3. O

4. SOLUTION OF VOLTERRA TYPE FRACTIONAL DIFFERINTEGRAL EQUATIONS

4.1. Recently, Al-Sagabi and Tuan [3] made use of an operational method to solve a general
Volterra-type differintegral equation of the form:

(D(‘)“Jrf) (x) + a ] /Ox (x — t)"i1 f) dt =g(x) (% () >0; R(v) > O), (4.1)

()

where a € C and g € L(0,b) (b > 0). Here, in this subsection, we consider the following
general class of differintegral equations of the Volterra type involving the generalized fractional
derivative operators:

(D31 @)+ 555 [ =07 10 de=g(a) (42)
(0<a<1;0<p<1; R(v) >0)

in the space of Lebesgue integrable functions f € L (0, 00) with the initial condition:

(I&‘“)“‘Q) f) (04) = c. (4.3)
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Theorem 4.1. (see [50]). The fractional differintegral equation (4.2) with the initial condition
(4.3) has its solution in the space L (0,00) given by

f(x) = cma*“(o‘*1)71Ea+u,a7u(a71) (—aa:a+u) 4 (Ea+y7a77a;0+g) (x), (4.4)
where ¢ is an arbitrary constant.

Proof. By applying the Laplace transform operator £ to both sides of (4.2) and using the formula

(1.6), we readily get
Su(a—l)—i—l/ sY

stV + ¢ + stV + ¢
which, in view of the Laplace transform formula (1.24) and Laplace convolution theorem, yields

F(s) = £ [s27 MO DN oo (—as®*)] (5)

+ L [(2° Batva (—az®*)) x g (2)] (s).
The solution (4.4) asserted by Theorem 4.1 would now follow by appealing to the inverse Laplace

F(s)=c G(s),

transform to each member of this last equation. O

We next consider some interesting illustrative examples of the solution given by (4.4).
Example 1. If we put
g(@)=a"""

in Theorem 4.1 and apply the special case of the following integral formula when v = 1 (see

[15]):

T

; (x — t)o‘f1 B}, (w (x —t)° )t“’1 dt =T (u) xa+“*1EZ7a+u

we can deduce a particular case of the solution (4.4) given by Corollary 4.1.

(wzx?), (4.5)

Corollary 4.1. (see [50]). The following fractional differintegral equation:
DO F) () + =2 / (z— £ (1) dt = 2P (4.6)
( 0+ ) T (1/) B

(0<a<1; 0<u<l; §R(1/)>0)
with the initial condition (4.3) has its solution in the space L (0,00) given by
f(z) = o He-1)-1 [CEOCJF,,@_M(Q_U (—a:ra+”) + T () ¥ Eqtvatp (—ax‘””)] . (4.7)
Example 2. If, in Theorem 8, we put
g(x) =" 1 Eayy (—az**)

and apply the special case of the following integral formula when v = o =1 (see [49)]):

xX
/0 (x— )V B (w (@ — ) ) BT, (wt?) dt = BT (waf),  (48)
we get another particular case of the solution (4.4) given by Corollary 4.2 below.

Corollary 4.2. (see [50]). The following fractional differintegral equation:
(0% a v V— — TV
(Dof ) (x) + F(V)/O (x —1t) ! f(t) dt =z lEa—l—V,p, (—aa: + ) (4.9)

0<a<1;0<pu<1; R(v) >0)
with the initial condition (4.3) has its solution in the space L (0,00) given by

f(x)= o Ha=1)-1 [cEa+l,7a,M(a,1) (—axa+”) + xa“EiJrV’aﬂl (—aan”’)} , (4.10)
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where ¢ is an arbitrary constant.

Example 3. If we put
g(x) = xﬂ+”_1Ea+,,75+l, (fbxa"'”)

and apply the following integral formula (see [50]):

T
/ (.%' - t)a_l Ea-‘rl/,a (_a (.%' - t)OH_V) t6+y_1Ea+V,,8+u (_bta—’_y) dt
0

Eoyyp (—02°") = Egyyp (—ax®™) 5

= p— x (a #0), (4.11)

we get yet another particular case of the solution (4.4) given by Corollary 4.3.

Corollary 4.3. (see [50]). The following fractional differintegral equation:

(Do f) () + ﬁ /0 ' (=)' f(t) dt = 2P By iy (02 TY) (4.12)

(0<a<1;0<pu<1; R(v)>0)
with the initial condition (4.3) has its solution in the space L (0,00) given by
f(z) = Cxai'u(ail)ilEomLu,an(afl) (_axa+y)

Ea v b aty _Ea v - aty
4 Batup (b ib+’5(m Vb ), (413)

where ¢ is an arbitrary constant.

4.2. Kilbas et al. [18] established the explicit solution of the Cauchy-type problem for the
following fractional differential equation:

(Dng ) (.T) =A (E’/lay;a-‘rf) (:L“) +9 (‘T) (CL € (C? g€ L [07 b]) (414)
in the space of Lebesgue integrable functions f € L (0,00) with the initial conditions:
(D3 f) (a+) = by (b eC (k=1,---,n)). (4.15)

We here consider the following more general Volterra-type fractional differintegral equation:

(D) @) = A (B] qios f) (@) + 9 (@) (4.16)
in the space of Lebesgue integrable functions f € L (0, c0) with initial condition:
(10 F) (04) = (4.17)

Theorem 4.2. (see [50]). The fractional differintegral equation (4.16) with the initial condition
(4.17) has its solution in the space L (0,00) given by
oo

— k, . 2ak+a+p—pa—1 vk
flz)=c E N Ep,2oak+a+u—ua
k=0

k
3 (Bl 9) (@) (4.18)
k=0

(vaP)

where ¢ is an arbitrary constant.
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Proof. By taking the Laplace transforms on both sides of (4.16), we get
5/"(0‘_1) G S
SPY— & + ( 31"/*0‘ ’
SCV — )\ |:4(8pr)’¥:| s& — )\ |:(Spfl/)’yj|
On the other hand, in light of (1.24), it is not difficult to see that

F(s)=c (4.19)

— o0
stla=1) k 20k+a+p—pa—1 vk p
s } SE\N E, saktatpu—pa (V7"

k=0
and
G (s e oo
(s?wm =L [(Z N g 2ak+ IEZ,I;ak—i-a (ymp)> * g (x)] .
SOL —_— )\ |:(Spfl/)’yi| k:O

Upon substituting these last two relations into (4.19), if we apply the inverse Laplace transforms,
we arrive at the solution (4.18) asserted by Theorem 4.2. The details involved are being omitted
here (see also [50]). O

Each of the following particular cases of Theorem 4.2 are worthy of note here.
Example 4. If we put
g(@)=a"""

and use the integral formula (4.5), we get the following particular case of the solution (4.18).

Corollary 4.4. (see [50]). The following fractional differintegral equation:
(DG 1) (@) = A (B] i ) () + 2 (4.20)

(0<a<1; 0<u<l; %(V)>O)
with the initial condition (4.17) has its solution in the space L (0,00) given by

o0

—po— k vk
f (x) = 'TOH_“ He l[c (Am2a) EZ,Qak+a+u—uo¢
k=0

« - a\k k
+ T (p) 2 Z(sz ) B arraty 2], (4.21)
k=0

(va)

where ¢ is an arbitrary constant.

Example 5. If we put
g(z) = Cf’c#iwilEﬂ,u—ua (vaP)

and use the integral formula (4.8), we get the following particular case of the solution (4.18).

Corollary 4.5. (see [50]). The following fractional differintegral equation:
(D) @) = A (B o f) () + o0 By (ve?) (4.22)

(0<a<1; 0<u<l; %(l/)>0)
with the initial condition (4.17) has its solution in the space L (0,00) given by

o0
E : k k —po— k k+1
f ($) =c A an Fatpmnesd |:EZ,2ak+a+ufua (pr) + E,Z,ZoszraJrM*ua (pr):| ’ (4'23)
k=0

where ¢ is an arbitrary constant.
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5. A GENERAL FAMILY OF FRACTIONAL KINETIC DIFFERINTEGRAL EQUATIONS

Fractional kinetic equations have gained popularity during the past decade or so due mainly to
the discovery of their relation with the CTRW-theory in [16]. These equations are investigated
in order to determine and interpret certain physical phenomena which govern such processes as
diffusion in porous media, reaction and relaxation in complex systems, anomalous diffusion, and
so on (see, for example, [12] and [13]).

In a recent investigation by Saxena and Kalla [35] (see also references to many closely-related
works cited in [35]), the following fractional kinetic equation was considered [35, p. 506, Equation

(2.1)]:

N(t) = No f(t)=—-¢" (I5,N) (t)  (R(v)>0), (5.1)
where N (t) denotes the number density of a given species at time ¢, Ny = N(0) is the number
density of that species at time ¢ = 0, ¢ is a constant and (for convenience) f € L(0, 00), it being
tacitly assumed that f(0) = 1 in order to satisfy the initial condition N(0) = Ny. By applying
the Laplace transform operator £ to each member of (5.1), we readily obtain

LIN®I(s) = No (F“)

1+cvs™v
— N (kf: (=) s_k”> F(s) (E} < 1) . (5.2)
Remark 5.1. In view of the fact that_o
Ll =" () > 0 0 > 0), (53)

it is not possible to compute the inverse Laplace transform of s~ (k € Ng) by setting p =
kv in (5.3), simply because the condition R(p) > 0 would obviously be violated when k = 0.
Consequently, the claimed solution of the fractional kinetic equation (5.1) by Saxena and Kalla
[35, p. 506, Equation (2.2)] should be corrected to read as follows:

o0 —CV k
N = Ny (f(t) # Y f(t))> (5.4

k=1

or, equivalently,
N(t) = No (f(t) £ (e (1) <t>> , (55)
k=1

where we have made use of the following relationship between the Laplace convolution and the
Riemann-Liouville fractional integral operator (I&f) (z) defined by (1.1) with a = 0:

Pl f(t) /0 (L= fr)dr = (k) (157 (1) (5.6)

(k€ N; R(v) > 0).

Remark 5.2. The solution (5.5) would provide the corrected version of the obviously erroneous
solution of the fractional kinetic equation (5.1) given by Sazena and Kalla [35, p. 508, Equation
(3.2)] by applying a technique which was employed earlier by Al-Sagabi and Tuan [3] for solving
fractional differeintegral equations.
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In our conclusion of this section, we choose to consider the following general family of fractional
kinetic differintegral equations:

a (DEEN) (1) = No (1) = b (IE.N) (1) (5.7)
under the initial condition:
(167 0r) (04) = ¢ (5.8)
where a, b and ¢ are constants and f € L(0, c0).
By suitably making use of the Laplace transform method as in our demonstrations of the

results proven in the preceding sections, we can obtain the following explicit solution of (5.7)
under the initial condition (5.8).

Theorem 5.1. (see [50]). The fractional kinetic differintegral equation (5.7) with the initial
condition (5.8) has its explicit solution given by

0 k atk(v+a)=1
N(t) — % Z (b> (t f( ))

k=0 \¢ Lo+ k(v + )
2 /b\* pa—B(1-a)+k(v+a)-1
+ Ck:o <a> F(Oé —B(1—a)+k(v+ 04)) (a #0) (5.9)

or, equivalently, by

_No i <b>k ( a+k(u+a)f> t)

=0

< /b\* ra—B(l—a)+k(v+a)-1
+Clcz;)<a> I(a—B(1—a)+kv+a) (a #0), (5.10)

where a, b and ¢ are constants and f € L(0,00).

The case of the explicit solution of the fractional kinetic differintegral equation (5.7) with the
initial condition (5.8) when b # 0 can be considered similarly. Several illustrative examples of
Theorem 5.1 involving some appropriately-chosen special values of the function f(t) can also be
derived fairly easily. We choose to leave the details involved in these derivations as an exercise
for the interested reader.

6. FURTHER OBSERVATIONS AND CONCLUDING REMARKS

First of all, we observe that an interesting and potentially useful family of A-generalized
Hurwitz-Lerch zeta functions, which further extend the multi-parameter Hurwitz-Lerch zeta

function

(P17 5Pps01,+ 40g)
ALy ApiHL g

(z,8,a)

defined by (1.23), was introduced and investigated systematically in a recent paper by Srivastava
[39]. Among various properties of this and related novel families of the A-generalized Hurwitz-
Lerch zeta functions, Srivastava [39] presented many potentially useful results involving some
of these A-generalized Hurwitz-Lerch zeta functions including (for example) their partial differ-
ential equations, new series and Mellin-Barnes type contour integral representations (which are
associated with Fox’s H-function [45]) and several other summation formulas involving them.
Furthermore, Srivastava [39] discussed their potential application in Number Theory by appro-

priately constructing a presumably new continuous analogue of Lippert’s Hurwitz measure and
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also considered some other statistical applications of these families of the A-generalized Hurwitz-
Lerch zeta functions in probability distribution theory (see also the references to several related
earlier works cited by Srivastava [39]).

The so-called pathway integral transform, that is, the Ps-transform Ps[f(t); s, of a function
f(t) (t € R)is a function Fp(s) of a complex variable s, which is defined by (see, for example,
23))

Palf0):s] = F(s) = | LG oD f0 de (5> 1), (6.1)

provided that the sufficient existence conditions are satisfied.

Remark 6.1. By closely comparing the definitions in (1.7) and (6.1), it is easily observed that
the Ps-transform is essentially the same as the classical Laplace transform with the following
rather trivial parameter change in (1.7) :

In[1 + (0 — 1)s]
0—1
Nevertheless, the current literature on various families of extended Mittag-Leffler type functions
vis-a-vis operators of fractional integrals and fractional derivatives is flooded by investigations
claiming at least implicitly that the Ps-transform Ps[f(t); s] defined by (6.1) is a generalization
of the classical Laplace transform defined by (1.7) (see also Remark 6.2 below).
We now turn to another widely-claimed generalization of the familiar Riemann-Liouville frac-

(6 >1). (6.2)

tional integral operator (Ify, f) (x) of order p, which is defined by (1.1) with a = 0. Indeed, in
all of these many publications which are much too numerous to cite here, the so-called path-
way fractional integral operator (m(ﬁé‘“ﬁ ) f> () is defined by (see, for example, [28] and the

references to several earlier works on the subject, which are cited therein)

(gﬁp(féa,ﬁ)f> (z) == lﬂ?/o(l_a)ﬁ (1 _ (1_()4)&) o f(t) dt

x
no

=z T-a /O(I_W [ — (1— o)t e f(2) dt, (6.3)

where f(t) is suitably constrained Lebesgue integrable function, o < 1, 8 > 0 and ®(n) > 0.
For an obvious change of the variable of integration in (6.3), we set

T dr
t= m and dt = m.

We thus find from the definition (6.3) that
T T ( 74 1>
l1-a
(1-a)B

ke )

1
1—a+

(B F) (@) =

which would lead us immediately to Remark 6.2 below.

Remark 6.2. The so-called pathway fractional integral in (6.3) is, in fact, essentially the same
as the extensively- and widely-investigated Riemann-Liouville fractional integral in (1.1) with,
of course, some obvious straightforward parameter, variable and notational changes (see also
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Remark 6.1 above). Furthermore, two of the three parameters 1, o and (3, which are involved in
the definition (6.3), are obviously redundant.

We choose to conclude this presentation by reiterating the fact that the extensively-investigated
and celebrated special function named after the famous Swedish mathematician, Magnus Gustaf
(Gosta) Mittag-Leffter (16 March 1846-07 July 1927), as well as its various extensions and gen-
eralizations including (among others) those that are considered here, have found remarkable
applications in the solutions of a significantly wide variety of problems in the physical, biologi-
cal, chemical, earth and engineering sciences (see, for example, [51]). However, in a presentation
of this modest size, it is naturally hard to justify and elaborate upon the tremendous potential
for applications of all those Mittag-Leffler type functions in one and more variables which have
appeared in the existing literature on the subject. In our presentation here, we have focussed
mainly on the problems and prospects involving some of the Mittag-Leffler type functions in the
areas of variois families of fractional differintegral equations. In many recent investigations (see,
for example, [2], [4], [6], [10], [43], and [52] to [66]), one form or the other of the Mittag-LefHler
type functions (which we have considered in this survey-cum-expository article) have found in-
teresting applications in the solutions of a wide variety of well-known (rather classical) ordinary
as well as partial differential equations of Mathematical Physics and Applied Mathematics when
such differential equations are studied in the context of local fractional calculus (that is, local
fractional integrals and local fractional derivatives).
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